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A high-order FEM for distributed-order subdiffusion equations
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We consider the following distributed-order time-fractional diffusion, subdiffusion, equation

DYu — Au = f(x,1), V(x,t) € Qx (0,77,
{ u(-,t)oa =0, tel0,T7]; u(x,0) = up(x), x€Q,

where 2 € R?is a bounded Lipschitz domain and ©¢ is the distributed-order fractional derivative,
defined by

B8
Du(-, 1) = / w(@) Deul-t)da,  0<B <1,
0

in which w(a) > 0, foﬁw(a) da = ¢y > 0 and Dy denotes the Caputo fractional derivative
of order @ € (0, 1) which is defined as D u(-,t) = (1/I'(1 — «)) fg(t —8)"*uy(+,s)ds. The
time-fractional distributed-order derivative is in fact a continuous generalization of the single-order
time-fractional one, i.e. setting the single Dirac-0 function as w leads to the ordinary time-fractional
derivative. Hence, an effective numerical method for the distributed-order subdiffusion equation
is necessary to develop. Utilizing the proposed formula by Mokhtari and Mostajeran, called L1-2-
3, to approximate the distributed-order derivative and applying a finite element method (FEM) for
spatial discretization, we develop a high temporal order fully discrete scheme. Combining with
the idea of analysing the L1-2-3 FEM for the subdiffusion problem extended by Ramezani et al., we
establish stability and convergence analyses of the proposed scheme. Detailed analysis indicates
that the proposed L1-2-3 FEM is unconditionally stable and convergent with the convergence order
O(T*78|In 7|7t + h? + h2), where 7, h, and h,, are the step size in time, space, and distributed-
order, respectively. The important point to note here is the improving the temporal convergence
rate compare with the investigated method by Huang et al. in solving the distributed-order sub-
diffusion equation. Finally, some numerical examples are presented to support the theoretical
prediction.
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