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Questions for function spaces measuring smoothness

Hq: System of Haar functions in RY (or TY).
Consider Triebel-Lizorkin spaces Fj ,, Besov spaces B ,.

p.q:
Q1: For which spaces is Hq a basic sequence?
Q2: For which spaces is H4 a Schauder basis?

Q3: For which spaces is Hy an unconditional basis?

Q4: Haar system on unit cube or on R9: Does it matter for the
outcomes?

e Q3 refers to H as a set of functions.

e Q1, Q2, Q4 refer to specific enumerations of H?.



Pre-2014 results

e Triebel (73), (78): Hy is an (unconditional) basis on B , if
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Secondary smoothness parameter g plays no role. Result is
sharp up to endpoints.

e Many more results on splines, wavelets in Besov spaces
(Ciesielski, Figiel, Ropela, Meyer, Sickel, Bourdaud, Oswald).
2010: Triebel’s monograph :

Hq is an unconditional basis on Fj . if

max{1—1,1—1,g—d,g—d}<s<min{1, 1,1}.
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Q: Is the additional restriction on q necessary?



A recurring picture
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e H 4 is unconditional basis for Bf),q: interior of the entire
domain.

e Tomorrow’s topic: On F; , unconditional basis property only
holds in the grey region.



Schauder basis (interior of the figure)

Theorem (GSU)
Let0 < g < oo, and p > 4%;. Assume that

—1+1<s<1 ifp>1,
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Then U is a Schauder basis of Fgﬁq.

e This result refers to admissible enumerations &/ of Hg.

e Analogous result is true on T or T? where the lexicographic
order can be used as the standard enumeration.

¢ Recall: For Besov spaces, Triebel had proved the result with
unconditionality, so then admissibility is irrelevant.



Admissible enumerations

Admissibility means roughly: Mimicking the lexicographic order
for Haar functions on the unit interval.

In endpoint cases one has to be careful with the definition of
admissibility (characteristic function of cubes may not be
pointwise multipliers). Here we use:

Def. An enumeration U = {uy, Uy, ...} of the Haar system is
(strongly) admissible if the following condition holds for some
b € N. Whenever

un, Uy supported in 5-fold dilate of a dyadic unit cube,
|supp (tn)| > 2°|supp Uy |

thenn<n'.



Conditional expectations

Key is to understand boundedness properties for the
conditional expectional operators Ey associated to dyadic
intervals of length 2—N.

Recall: En.1 — Ep is the orthogonal projection to the space
generated by the Haar functions with Haar frequency 2V.
Then a main ingredient for the Schauder basis property is
Theorem. Let max{—d+d/p, —1+1/p} <s<min{1/p,1},
then

IEnTlls, < IFlles, -
Basic Idea: Approximate Ex (rough non-convolution
approximation of the identity) with a nice convolution
approximation of the identity 1Ty = ®o(2~VD), with suitable
smooth compactly supported ¢y with [ ®odx = 1.
Clearly for all s, p, g

| Tnflles, S Iflles, -



En— IIn is better

Use embeddings to reduce to
Theorem. For p, s in the interior of the figure, any r > 0

IEnF — IInfllgs, < IIfllsg.. -

Note the continuous embeddings for r < min{1,p, q} :
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e Approximation of Ey by Iy is harder in the endpoint cases.



Another kind of Littlewood-Paley decomposition

A standard tool is to decompose decompose
g=>) LPg=) Plg.
j=0 j=0

L; "Littlewood-Paley cutoff operators” which have appropriate
compact support and, when j > 0, cancellation. For j > 0 we
have

Lig =29 (2).) x g, /wdx = 0 (or higher canc.)
Pg=293(2.)xg,  P,gsupported where |¢| ~ 2/,

e This is used in the Calderén reproducing formula, in the
discrete form by Frazier and Jawerth.

e Use this for g being f or Epnf.

e We may assume IIy =} ;_y L;P;.



Decompose

0O.B.d.A.(W.l.o.g.) r < min{1,p, g}:

[Bnf = T g H{zks Z PyLkENL;Pif}
J=N+1

r(LP)

+ H{zksz PiLk(En — )L;P;f}
j=0

r(LP)
(X S eipapi;)
J=N+1 k=0
N oo y
* (ZzzkerPkLk(EN - I)LjpijIr))
j=0 k=0

e We need to show that this is < sup; 2/5(|P;f]| .



p > 1

Lemma.

2kS || P LKENL;Pif|lp < Ups(j, ks N)2 || Pif|p, > N
2K8||| P Lk (En — DLiPif|lp < Ups(j, k, NY25| | Pif|lp, j< N

where
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j(1—s)ok(s—3) o N(Z—1) ,
Ups(j, k, N) = R A /.gNgk
2/(1—3)2k(1+s)2_2/\/’ i k<N
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e Good for estimates in the interior of the figure. Also some
results at the boundary.
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where
ol(5=0=S)pk(s=p)oN@=F1) i i p o N
Us oG K N) = 2{(178)2"(3—%)2“(1%—1) d ifj<N<k
ST 2(1-s)pk(s+a+1=p)oN(,=d-2)  jtg < j k< N
ol —0=9)pk(s+d+1-5)o-N it k<N<j.

e Good for estimates in the interior of the figure. Also some
results at the boundary.



Endpointcase l: 1 < p < oo, s=1/p.

1

« Haar functions do not belong to F5/?, q < c.

e Haar functions do not belong to B:,,/(f, g < o0.

e But Haar functions belong to B;{O’Z).

Proposition

Let1 < p < oo, s =1/p. Then the operators Ey are uniformly
bounded on BY/..




Endpoint case ll: p = 00, —1 < s < 0.

e Separability fails for p = oc.

Proposition

Letp = 0. (i) If =1 < s < 0 then the operators Ey are
uniformly bounded on B3, ;, 0 < g < oo.

(i) If =1 < s < 0 then the operators Ey are uniformly bounded
onBs, .

(iii) If —1 < s < 0 then the operators Ey are uniformly bounded
onFs3 5, 0<q<oco.




Endpointcase lll: 1 < p<oo,s=1/p—1.

Let &/ an admissible enumeration.

Theorem

Let1 <p<oo,s=1/p—1.

(i) U not a basic sequence on FS 4, q > 0, or Bj ., forany q > 1.
(if) Schauder basis property on By q(Rd ) fails for some
admissible U, any q > 0.

(iii) All admissible U are local Schauder bases on Bqu(Rd) if
andonlyif0<qg<1.

e In (iii) unconditionality fails.

e In the cases 1 < p, g < oo negative results follow by duality.



Endpointcase IV:p<1,s=d/p—d

Theorem

gzﬁ
Let 7% <p§1,s:%—d. Then

(i) All admissible U are Schauder bases on F5 , for 0 < q < oo,
and basic sequences on Fj .,

(i) All adm/ssible U are Schauder bases (basic sequences) on
Bi g S= 5 d, ifand only if g = p.

(m) A/l admissible U are local Schauder bases (basic
sequences) on B; ;, s = 5 d, ifand only if0 < q < p, but
uniform boundedness of the Ey fails forp < q < 1.

e In all cases above Hy is not an unconditional basis.
e The positive result in (iii), on [0, 1)9 was also obtained by
Oswald.



Endpoint case |V, cont.

a

Def. Let Q be a large cube. X function space.
Op(T. X, Q) == sup {|| Tf||x : [|fllx < 1,supp (f) C Q}.

Let d1 <p<Hi, s—f—d Then for cubes of side length > 1,
andp<qg<1,

d_d
Op(En, BS4 , Q) ~ (2N Q))1/P-1/a.

Ex.: Let gi(x) = 29y (2/x), [ =0, N large, {am} € .
Enumerate Zy = {3m :m=1,2,...}. Set

AN = amGnem(X — 2 V3m).



Endpoint case V: s = 1.

Let U/ be admissible enumeration of H.

Theorem

-

Let 3% <p<1.

(i) En are uniformly bounded on F,},q ifand only if0 < g < 2.
(ii) En are uniformly bounded on B;,’q ifand only if0 < g < p.
(iii) span (Hy) is not dense on these spaces.

(iv) All admissible U are basic sequences in case (i) and local
basic sequences in case (ii), global if p = q.

e There are Schwartz functions for which Enxf 4 f in all spaces
with s = 1 (also observed by Oswald).



Endpoint case V: Ey for s = 1, cont.

a

We do not want to separately estimate the contributions for P;f
when j < N.
Instead we use for ;25 <p<1,r>0,

1/r
(32 X1kt = BN InFlo)) " S 198l =~ 1l
d ,



Endpoint case V: Ey for s = 1, cont.

gzﬁ
Observe independence of Q, |Q| > 1, in:

Let ;% < p <1 (orp=1,q =00 in B-case). Then

(i) Op(En,Bhq) ~ N'/P~14, p<q< oo
(i) Op(En, Fpq) = NY/271/9, 2<g< oo

Example for (ii): fnv(X) = Yy /acjon/z(£1 )21 22X, x) for
random choices of sequences of +1.

Two unanswered questions:

e Is span(J(y) dense in B}, , when q > p?

e Is span(Hy) dense in F;l,q when q > 27



Failure of unconditionality in F; ,(R):

A multiplier question for p,g > 1

On Friday we consider the question when % is an
unconditional basis, with emphasis on counterexamples.

Tmf_Zm(/Z Zm(/]D)/
/=0 M

where ]Dj = Ej+1 — Ej.

Recall: H4 unconditional basis < every bounded sequence
m is a multiplier.

Q: What are the conditions on mthat T,, is bounded on Fg,q for
(p~ "', s) in the non-shaded regions?



Multiplier question, Il

VY. u-variation space:

N—1
. . 1/u
Imllve = milc +sup sup (37 1mier) = mGi) )
N ji<-<jn 23

By a summation by parts argument it is easy to see: If the Ey
are uniformly bounded on X then

[Tl < [mllvy ]|

Can one do better?



Multiplier question, IlI

Let1 <p<g<oocandi/q<s<1/p. Then

| Tmflles, < Cllmllv,liflles,,  1/u>s—1/g.

Essentially sharp up to endpoints: Lower bounds for Haar
projection numbers in [SU] give the existence of sets E C 2N
depending on s such that #E > 2N, and thus || 1g|y» > 2V/Y,

and such that

N(s—1) 1 1
2 q |fq<s<p,

>
||T115”ngq—>F,§7q < {N if 15 —s< 23.



Multipliers IV: Variation norms and interpolation

We want to interpolate but variation norms cannot be efficiently
interpolated (7).
e There is a related function space RY such that

VicRYC VY  b<u.

Def. We say that g belongs to the class rYifg=>",¢,1,,
where (3, |c,|Y)1/¥ < 1.
Def. We say that h belongs to RY if m can be written as

h=>"anhy
n

with 3" |as| < oo and the norm is given by inf " |a,| where the
inf is taken over all such representations.

e Since we don’t prove an endpoint result we can reduce to an
interpolation for ¢ spaces.

e This is sketched in a paper by Coifman, Rubio de Francia,
Semmes (1988).



