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Optimal transport

c(x,y) is the cost of moving from
position x to y

Monge 1781: Given probability measures a0 € (') and .
p € P(Y), find the optimal way of transporting « to . OT(G, ﬁ) — lnfﬂ C(x, T(X))da(X)
Tya=
f

OT(x, /)= 1nt clx, v)dn(x, y)

=, Ty=[

J®g=c

Kantorovich 1942



Entropic optimal transport

Regularize with KL(7z | u) := Jlog(dﬂ/dﬂ)dﬂ and € > (

eOT(a, f) = 1Int dr(x,y) + eKL(7|a @ p)
€YU (a,p)

e=1 e=10"1 e =102

Images credit [Peyré & Cuturi ’19]



Entropic optimal transport

Regularize with KL(7| ) := JlOg(dﬂ/d//t)dﬂ' and € > ()

OT(@,f) = _inf ﬁ)[ dr(x, y) + KL(z| o ® )

> Natural modelling assumption

Alleviates the curse of dimensionality [Genevay et al '19, Mena & Weed '19]
eOT(a, ) — eOT(a,, B,) = O(n~'?)
Fast algorithms available [Sinkhorn 64, Cuturi '13]

sup J Fdo+ Jgdﬁ—e Jexp (f ) +80) — e, y) ) da(0)dp(y)

f.g 2




Sinkhorn algorithm

- Fast algorithms available [Sinkhorn '64, Cuturi "13]

sup J fdo Jgdﬁ—e Jexp (f(x) t80) —cxy) ) da(x)dp(y)

1.8 2

First order optimality: Sinkhorn is alternating minimisation:

exp(—f/e) = | exp((g(y) — c(x,y))/e)dp(y) Jiw1 = —€log ( exp((gr(y) — c(x, )/ G)dﬁ(y)>

exp(—g/e) = | exp((f(x) — c(x, y)e)da(y) g = —elog ( exp((fo 1 (1) — (. y))/e)da<y>>



Inverse optimal transport

Given probability measures a, [} and a ground
cost c(x, y), compute the optimal coupling.

- C(-xa y)». ﬂg(C) Py T
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Inverse OT

Suppose you observe how two populations are coupled. How can we infer the ‘cost’ that led to this coupling?

Galichon, Alfred, and Bernard Salanié. "Cupid’s Invisible Hand: Social Surplus and Identification in Matching Models." (2015).
Galichon, Alfred. Optimal transport methods in economics. Princeton University Press, 2016.
Dupuy, Arnaud, Alfred Galichon, and Yifei Sun. "Estimating matching affinity matrices under low-rank constraints." Information and Inference: A Journal of the IMA 8.4 (2019): 677-689.
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Understandin

Dupuy & Galichon 2014. "Personality traits and the marriage market.”

matching

CNN projection

. | (x27 yz) — based on
’ education . ” (.X:3, y3) _ . —_ —_ S—
0 o7, LN R eiaht (-xl,yl) 4 :
OPTIMAL ' :

§ TRANSPORT lB =~ ™" 2
METHODS IN]| e {0 |

Regularized

The network f(-) . The Cost Matrix

CG

ECONOMICS fl """ -- (X6> Vo)
' 3 1 ) accurate ” ! <
) =4 cver-ready -= (X4, y4) (XS’ Y5) ' D D — [ ] e KL Divergence i«
”~ ”~ (i.e. cross-entropy)
disciplined :

' ' minibatch The network g(-) 1

ordered

ALFRED GALICHON

clumsy

features Uniformity Penalty

detail-oriented

-= Shi et al. "Understanding and generalizing contrastive learning from the inverse
s 5 5 2 5 g § ¢ ¢ P 8 optimal transport perspective.” ICLR2023.
s < 2 < 5 8 5 ¢ 8 3 &

A Deep Gravity model for mobility flows generation

Filippo Simini< 23, Gianni Barlacchi?, Massimilano Luca > & Luca Pappalardo 7™

a) Observed Flows b) DG (CPC =0.41) c) G (CPC =0.12)

Modelling Global Trade with Optimal Transport

Thomas Gaskin, Marie-Therese Wolfram, Andrew Duncan, Guven Demirel



Cell genomics

Jules Samaran, Gabriel Peyré, Laura Cantini

Cellular data is multimodal
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How do populations evolve?

ud
dX X ~/ 1.2 -
i V(X)) e 00,V - (oY) =

dt

0.8 A
Examples:

Goal: Given iid samples of Py Pt Prys - Pt find vV, yv=VVorv= [V1W( -, x)dp(x)

0.6

0.4 -

0.2 -

Modelling using Wasserstein gradient flows: 0.0-

Suppose V, = — VOF(p,) for some F : LP(X) - R 0.4 0.6 0.3 10 12

Discretisation of curve of

1
Model using discretised dynamics: ;, . ; = aremin Z (a) + — W2(a, o i
° ) el : (@) 2T 2 (@ %) probability measures o, ~ p,..

Jordon Kinderlehrer Otto scheme (JKO) AP (X)

Example: F(p) = JV(x)dp(x) so0F =Vandv=VV

1
Example: #(p) = JW(X Y)dp(x)dp(y), 0F (p) = JW( -, X)dp(x) and v = JV1W( -, X)dp(x)
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Cell Genomic

Model as JKO flow

Ay = argminp V(x)dp(x) + sz(p, a,)

Reference: Learning cell fate landscapes from spatial transcriptomics using Fused Gromov-\Wasserstein.
Geert-Jan Huizing, Gabriel Peyre, Laura Cantini
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Inverse problems in OT
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Stability guarantee

Suppose that 7* = Pg(c)) := argmin (cy«, 7) + (). Assume that 7 is noisy version of 7*. Solve:

inf Z(cy, 7, Q) + AR(6)
OcR?

Theorem: Let y > 0 be the ‘noise’ level. If there is:
®\lecasurement stability, | {y, # — 2*) | < y for all basis elements y

®Forward stability: | (y, Po(c)) — Pa(c))) | < y for all basis elements y

@ ocal curvature: J(0) := ZL(cy| 7, SA}) is locally strongly convex and Lipschitz smooth.

Then, the minimizer @ satisfies ||@ — 8*|| = O + y).

14



Assumptions

Loss to minimize in the case of 10T:

inf (c — (fP g),7) + e[exp (f(x) 80) — ¢, Y) ) d&(x)d,BA(y)

fg.c €

Non-uniqueness for IOT Assume cy(x, y) = Z 0,c,(x, y) are centred:
1. If f, ¢ minimizers < f+ a, g — a are minimisers )

for all constants a. J ¢ (x, )da(x) = 0, J ¢ (x, Y)dp(y) = 0

2. Replace cwithc —u@v< f+u,g+vare
minimisers. and linearly independent.

Assume that a, / have compact supports.

15



Sample complexity for iUOT

7%71

— /

Sampling

—} .//.
Theorem:

Let c* = ®O* be the cost that gave rise to n*, a*,ﬁ*. Let R be a convex, |.s.c. regularizer. Given (xl-, yl-) ~ % iid

withi = 1,..., n, the solution to 6 = argmin L(0; 7, &n,,BAn) + AR(0) is unique and with probability at least 1 — e~
0

How accurate is ¢y, constructed from 7" ?

|
10— ) = @(/1 : \/og(n)+t)

Jn
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Structure preservation?

Typical regularisers:

Sparsity. R(0) = 2 A
i=1

Low rank R(0) = Z 0,(0) where 6,(0) = singular values of 0.
i=1

0 = argmin L(0; #,, &,, B,) + AR(6)
0

Question:

If O* that generated n*, a*, f* is sparse/low rank, is the solution 0 also of the same sparsity/rank
when n is large enough and A is small enough?

17



Structure preservation

Certificate: Let M := V>J(0%), and define

A 1 L _ *
- 2y =M. M 51gn(6;7) in the case of I1 where [ is the support of & 5* — 0
O Zx = MPT(PTMPT)_lsign(H*) where P is the projection onto the row/column o
N : J(0) = L(cy| n(cy.))
space spanned by 8.
We say that

. R Theorem: Suppose that Z is nondegenerate.
21 is non degenerate if ||Z;.|| ., < 1

Z* is non degenerate if || P72*||, < 1. Then, provided that 1 > 4 > \/t + log(n) , with
n
I . probability at least 1 — e,
T l T l . T T l . - Supp(@, ;) = Supp(0™) in the case of R(6) = ||0]|,
— ] e S kLT T T S EECETPEPERPRS . x —
non-degenerate depenerate - Rank(6, ;) = Rank(6™) in the case of R(0) = ||0]|

18



The 10T loss in the Gaussian setting

a=Nm,Z) B = /V(mﬁ, %) Proposition:
My (Zg X PIO%) = 26| 463y~ T2 D) @ (2, - 13,75+ (0 @ 00|
7=y (3 5,) o e R )
© > o

e [Bojilov & Galichon'16] p — Numerically check when ;7* Is non-degenerated.

m@in L(cy| 7) + Al|O]l, A= Ale
\ > + OO
- 1 1 N—1 , 1 1 A
min - log det(0)+(0,0") + |10l min 2125 ® T30 = Ol + 4ol

L asso
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Numerical illustrations of £, certificates

0* = 61 + diag(G1) — G

Circular Erdds-Reényi

1.0 - — £=0.0 1000 -
— £=0.1
— £=0.5
-« 0.5 - e=1.0 |
[\2  £=50 800
— e=inf
g
O 0.0 + 600 -
D)
O —0.5 - 400 A
—1.0 A 200 A
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 O =
0 2 4 6 8 10 12 14 0 1 2 3 4 5 6 7 8 -1.0 —-0.8 -0.6 -0.4 -0.2 0.0

dgead(i’j) dgeod(i’j) dgeod(i’j) =2
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Numerical illustrations

10

Recovery performance of £;-iOT for a circular graph.
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The IJKO loss

1
L(0) = (V,,a*!) — El;{%) (Vy, ) + —W22 (o, | @ a¥) + rKL(a | a**!).

S 7 -
6" = argmin —R(O) + L) —>  argmin AR(0) + Var,e.: [V, + z7'f*(@**, ab)
v v

Gaussian experiment

- d *x Sk T o
Consider EXt = — VV(X)) where Xy ~ /' (m™, 2™) and V(x) = x 0™ x.

Then, @, := law(X)) = A (m,, ) withm, = ¢ ' m* and X, = ¢ "2 3 *e~210"
Suppose we observe samples of , at discrete time point.
Question: what kind of 0 are easy to recover?

cf.loss [|[VV,+ 77! V(T ak)lliz(akﬂ) of Terpin, Lanzetti, Gadea, and
Dorfler. Learning diffusion at lightspeed Investigate using the closed form certificate at r = o

22
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The sparse setting

2.1 and X7

o21d.
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The low rank setting

Nondegeneracy in the low rank setting.

2.00
» =0 ¢ =0.1m ¢ = 0.3m ¢ = 0.4m — T=2(
—-——— T=2 (%)
——= T=4 (¥
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1.50 1 --- T=6(9
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1.25 -
&
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N
0.75
0.50 A
O
0.25 ~
000_ T T T T T T T T
0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
win
4.0
3.5 1
3.0 A
e 0* = uu'

2.0

1.5

>* =51 uqbu; with
Uy = cos(d)u + sin(@)ut

1.0 -
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Summary

 Optimal transport computes a coupling given two distributions and a cost metric.

* |n some applications, the metric is unknown; or we might be interested in recovering certain dynamics given
observations of probability distributions.

 Fenchel-Young losses allow us to construct convex losses to handle these inverse problems with probability
measures.

 We derived a theoretical analysis of the sample complexity, and structural properties of regularization.

Sparsistency for inverse optimal transport, ICLR 2024

Learning from Samples: Inverse Problems over measures via Sharpened Fenchel-Young Losses
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