Some brief notes on inverse optimal transport

Clarice Poon

September 26, 2025

Abstract

These notes are intended to supplement my lecture at the 2025 Chemnitz summer school on
applied mathematics. They provide a brief overview of inverse optimal transport and provide
limited pointers to relevant literature.

1 Optimal transport

We begin with a few key equations for optimal transport. Refer to [14] for details on optimal
transport.
For simplicity, we assume throughout that X’} )) are compact spaces.

Monge’s formulation (1781) Given a € P(X) and a measurable map 7 : X — ), the
push-forward of o by T is that measure Ty such that given any measurable set A, (Tio)(A) =
a(T~1(A)) and given any measurable function ¢, [ p(y)dTia(y) = [ (T (x))da(z).

Given « € P(X), B € P(Y), and some cost function ¢ : X x ) — R, the goal of Monge is to
find T': X — Y with Ty = 3 such that it minimizes the following problem:

OT(a, B) & inf{/c(z,T(z))da(x) \ Ty = 5}.
This is highly nonlinear in T" and was difficult to analyse directly.

Kantorovich formulation (1942) Kantorovich introduced a relaxation of Monge’s prob-
lem as

Ot 8) = int { [ etehan(e.) \ w Ut )}
where U(a, B) & {m € P(X x Y)\ 7 = a, 7 = B} is the set of probability couplings of 8.
We write m; = (Px )7 and mo = (Py)¢7 as the first marginal and second marginal of 7.

Remark 1 (Kantorovich formulation is a relaxation). If T'is such that Tyoe = 3, then (Id, T)3a €
U(c, B). Indeed,

/ o(z,y)(1d, T);a = / (. T(x))do(z).

Remark 2 (Kantorovich allows the splitting of mass). The constraint of the Monge formulation
can be empty. For example, if o = dp and 3 = £6p + £61, then there does not exist T such that
Ty = 5. On the other hand, U(«, 8) is always nonempty, since it contains the product measure
a®p.



The Kantorovich problem is a conver optimization problem, and if you think in finite di-
mensions, this is a linear programme. The convex dual is

S;lp{<f, a)+ (g, B)\c=fag}. (1)

where the supremum is over f € C(X) and g € C(Y). We write f @ g for the function (x,y) —
f(@) + 9(y)-

Entropic optimal transport The entropy regularized OT problem is: for € > 0,

eOT(«, B) = inf {/c(x, y)dm(x,y) + eKL(mla® ) \ 7 € U(a,ﬁ)} .

For ¢ = 0, this is the standard OT problem. As & — oo, the minimizing coupling becomes
T=a® .
This is again a convex problem with dual formulation

COT(ax.8) =suplf, ) + . 5) — < [[exp (LLEID =D dagapasy). o

f.g €

The last decades have seen a sharp growth in applications of eOT for machine learning, some
of the attractions of using entropy regularization is the availability of fast algorithms such as
Sinkhorn [B] and also the favorable statistical properties of eOT [I1].

In the following, we will consider the inverse problem that arises from entropic optimal
transport. The use of entropy is often considered a natural modelling assumption, describing
the uncertainty in the coupling 7 between « and 8 [10]. In fact, this formulation was naturally
derived in many economic application such as the so-called gravity model [7], independently
from the development of OT.

2 Inverse optimal transport (iOT)

Forward problem Let ¢ > 0 be a fixed entropic regularization parameter. Given two
probability measures a € P(X) and 5 € P(}), a cost function ¢ € C(X' %)), find w(c) € P(A'xY)
that solves

m(c) = argmin /c(x,y)dﬂ'(x,y) + eKL(7|a ® B).
TeU(a,B)

Inverse problem The inverse problem is to recover the cost function ¢ given n samples

(i, Yi) “d m(c). We can think of the data as the empirical measure #" = L3 §,. .

Note that these samples also give access to the empirical marginals a" = %Z?:l 05, and

The problem of inverse optimal transport was initially proposed for studying matching prob-
lems in economics (e.g. understanding labour or marriage markets) [8, [9, 6 4], but has since
garnered attention in the machine learning community [16, [12].

3 A loss function for iOT

There are two natural and equivalent ways to derive a loss function between a cost ¢ and 7.



3.1 Maximum likelihood estimation
The first approach for iOT is via MLE [6]. Given cost function ¢, the optimal coupling has

density
dﬂ-(c) = exp (fc(:r) + gc(y) B C(.’L‘,y))
da® €

where f., g. are the Kantorovich potentials. One can therefore parameterize the cost cy by some
0 € RP, and perform MLE

0= arggnax E [log(dm(c)/da @ )]

One can think of this as a bilevel problem, since

Ez[log(m(c)/a @ B)] = Ez[—log(d7t/dm(c)) + log(dt/da @ B)]
= —KL(#|n(¢)) + Ez[log(d7t /da @ B)],

so, computing the MLE is equivalent to solving

mein KL(7|mp) where my € argmin, ¢y gy(co, ) + eKL(m|a ® 3)

3.2 Fenchel-Young loss and inverse optimization

The second (equivalent) approach is to view iOT as an inverse optimization problem. Con-
sider the following inverse optimization problem: Recover the parameter ¢ from noisy/sampled
observations of an optimization solution 7(c) = argmin_(c, 7) + Q(7). Given observation 7, the
Fenchel-Young loss [3] is

L(c;7,Q) == {c,#) + Q7)) — iI;f {{c,m) +Q(m)}. (3)

As a function of ¢, this loss satisfies the following three properties:
1. For all ¢, L(c;#,Q) > 0 and L(c, @) = 0 if # = mw(c);
2. It is differentiable with respect to ¢ if the inner problem over 7 has a unique solution;

3. It is convex in ¢ since the infimum over affine functions is concave.

Remark 3. Note that Q*(c) “ sup, {(c,) + Q(x)} is the convex conjugate of €. So,

L(e;7,Q) = (¢, ) + QF) + Q*(—c).

The fact that this is non-negative and zero when —c¢ € 9Q(w) is due to the Fenchel-Young
inequality.

In practice, we parameterize c in a linear manne cog=0"p:= Zle 0;¢; for some basis {¢;};,
7 corresponds to an empirical measure (from sampled data), and (2 is only given approximately

as {2 since it often incorporates empirical data. In the following, since we are interested in
minimizing over ¢, we drop the Q(#) term when writing the loss.

Lother nonlinear parameterizations are possible, but linear or affine parametrizations will preserve convexity



F-Y loss for iOT Let us now specialize to the case of iOT [I]: In the context of iOT,
Q) := KL(7|a ® B) + t4(a,p)(m) where 174(q,5) denotes the indicator function on U(c, 3). The

sampled loss, given data 7" with marginals @™ and 3”, is

Fo(0) = (cg,#") —  inf {(ce,w> +KL(7T|02"®B")}.
Tel(an,fm)

By convex duality on the inner problem, one can write

Fn(e) — lfr7l§<69 _ (f@g),ﬁ") +5/exp (f(x) +g(y) — ce(ﬂ:,@)) dd"(x)d@"(y) (4)

3

Finally, due to the noisy data, we consider the regularized problem

min AR(6) + Fu(0), (5)

for some (convex lower semi-continuous) regularizer R with parameter A > 0, which is often
taken as the ¢; norm (to enforce sparsity) or nuclear norm (to enforce low-rankness).

MLE and FY losses are equivalent In general, the FY viewpoint is perhaps more
versatile as it allows to develop losses for problems where there is no clear MLE formulation.
However, in the case of iOT, the two approaches are equivalent:

—Ex[log(dm(cy)/da @ B)] = (co — fo — g, T)
= {co, T) — (fo, @) — (g0, B)-

At optimality, [ exp((fo ® go — cp)/c)da @ B = me, (X x V) = 1. So,

(fo. &) + (g0, B) — € = sup(f, @) + (g, B) — E/exp (f(:v) + 9(y) — colz,y)
fi9 €

) date)di).

We can therefore replace (fg, o) + (gp, 8) with the sup; ; problem, and this gives precisely the
FY loss.

4 Solvers

Proximal gradient descent The F-Y loss F,, is differentiable in 6, the most direct ap-
proach is to apply proximal gradient descent [6]. The gradient of the loss is

vE,0) = ([ extoite - mo)en)

J
where 7y is the solution to the inner problem. So, one can apply pGD with stepsize 73, k =
1,2,...,

9k+1 = PrOXTk)\R (0k - TkVFn(e))

where Prox,p(6) = argmin, 16— 6'|3+7R(#). This requires solving the inner problem at each
iteration (e.g. using Sinkhorn).



Sinkhorn-ISTA This algorithm was introduced in [4] where R(f) = |01, although their
method applies easily to any convex regularizer with an easy-to-compute proximal map. Their
idea was to avoid solving fully the inner problem at every iteration by alternating between
Sinkhorn iterations (i.e. doing block coordinate descent) and proximal steps.

From the Kantorovich formulation (), we have infg AR(6)+F, (0) = infg s , AR(0)+K (0, f, 9)
where

(@) +9(y) — co(z,y)
g

K@ £9) ™ (e~ (709,77 +2 [[exp ( ) da™(@)dF () (6)

One therefore computes for k =1,2,...,
L. fry1 = argmin, K(0k, f, gr.)-
2. gk+1 = argming K (0, fr+1,9)-
3. Oks1 = Proxrar (O — 709 K (0, frs1, Grt1)) -
The two minimization problems in f and g have closed form solutions are correspond exactly

to Sinkhorn steps. One can prove that for 7, = 7 sufficiently small, there is linear convergence
in |01 — 0*] = O(p*) to a minimizer 0*.

Applying quasi-Newton solvers In the case where R admits a quadratic variational
form, one can reparameterize 6 to obtain a smooth problem. We focus on the case of R(0) = |0]1,
although this can also be done for nuclear norm and group 11. The Hadamard product over-
parameterization of the ¢ norm

Julz | Jol3

0|y = mi
10]1 min — 5

where the Hadamard product is u ® v < (u;v;);. We can therefore replace 6 by u ® v to obtain
a smooth optimization problem: 3 (Jul? + [v]?) + K(u ® v, £, g).

To obtain a better-conditioned optimization problem, we consider the semi-dual problem,
which is derived by leveraging the closed-form expression for the optimal g, given f,c. In
particular, with f,c fixed, the optimal g in @ satisfies for B" a.e.

cIW)/e _ (/ exp (f(:r) EC(Jﬂ,Z/)) dd(x)>_l.
g9(y) = —elog (/ exp (W) déz(f))

Plugging this into (6]), one can write inf, K(6, f, g) as

(co, &) — (f, &™) + s/log (/ exp (f(x) - C"(x’y)) d@%@) df"(y) + <.

€

and so,

So, combining this with the Hadamard product form for 8, ming F;,(#) is equivalent to solving

it (e %) = (7, %) b= o (foxp (K200 dana ) i) + G + Sl

u,v, f

The minimizer u, v is related to the optimal § by § = w ® v. This is now a smooth optimization
problem, for which we employ a quasi-Newton solver (L-BFGS) [I].



5 Extension to inverse gradient flows

Inverse gradient flow (iJKO). Suppose one observes samples iid samples of probability dis-
tributions pi for k = 1,2, ..., where

_ 1
Pr+1 = argmin,cp(x) F(p) + §W22(P7 Pk)

where W3 is the (entropy regularized) Wasserstein distance with Euclidean metric. The inverse
problem is to recover the functional F : P(X) — R. This is (on a very formal level) the so-called
Jordan Kinderlehre Otto discretization of the PDE div(u:VOF (ut)) + Oipir = 0 with pgr = pp
when 7 is small. We will call this the iJKO problem and for simplicity, consider the case where
we have observations of two snapshots pg and p; One particular example of interest is where
F(p) = [ V(z)dp(z) and in this context, we are tasked with recovering the potential function V'
from iid samples of pi. Such problems are of particular interest for understanding cell population
dynamics in single-cell genomics [I5].

Application of the FY loss In the notation of the inverse optimization problem from
before, for iJKO, we have Q(p) = W2(p, po). Although one could write down the FY loss (3]) in
this case, one can consider an extension where we insert the data into the inner problem: Given
observation 7 and a discrepancy D : P(Z) x P(Z) — [0, 00] with D(p, p) = 0, the sharpened
Fenchel-Young loss is

L(c, 7,9, D) := (e, 7) + Q(7) — igf{(c, )+ Q(7) + D(m,7)} .

One can contrast this with where D = 0. If D is the Bregman distance induced by €2, then
this is the so-called Fitzpatrick function.

For iJKO, if one seeks to recover a functional of the form F(p) = [ Vy(z)dp(x) where Vjp is
the potential of interest, parameterized by 6, the sampled loss given empirical data pg, g1 is

Fo(0) = (Vg,p1) — inf  {(Vy,a) + W3 _(a, po) + rKL(a|p1) }
a€P(X)
where we have taken D(«, p) = rKL(alp1) for some r > 0.

Equivalence to inverse unbalanced optimal transport In this case, one can write
the inner minimization problem as

inf Vo(z) + |z — yI?) dr(x,y) + eKL(r|a ® po) + rKL(alp
aE'P(X){I;EM(a,ﬁO)/(g(I) |z —y|?) dr(x,y) + eKL(w|a ® po) + rKL(c|p1)

Note that since a < p1, we have

(i) o s f ()

Plugging this in, and using 71 = «, we arrive at

inf [ (Vale) + o~ yl?) d(z, ) + eKL(rla ® o) + (= KL (m )
T2=p0

The inner problem corresponds to an unbalanced OT problem between p; and py where we
replace the hard constraint of m; = p; with the KL term. The ‘cost’ that one seeks to find is
then Vy(x) + |z — y|?. One can therefore study this setting under the general framework of
inverse unbalanced optimal transport [2].



6 Recovery guarantees

6.1 Uniqueness

We first mention that if # = 7(c) = ('), i.e. ¢ and ¢’ both give rise to the same data, then
there exists functions f and g such that for a.e. x,y,

(c =)z, y) = f(x) + g(y).

In particular, we have uniqueness only up to functions f @ g.

Ezample 1. Let co(z,y) = = 0y. Suppose that co(x,y) = 20y = f(z) + g(y), we will show
that this implies that § = 0:

(&= alX)Toly - 5N = o~ [ colzsp)dae) - [ cle.0)dw) + [ cole.v)dat)dsm)
= Ca(.’IJ,y) - <f7 O[> _g(y) - <ga B> _f(x) + <f7 a> + <gv ﬁ>
= Cp — f © g = 0.
This is true for all z and y, so § = 0.
In general, to cater for this invariance of f & g, we make the following assumption

Assumption 1. Given parameterization co(x,y) = 0" @(z,vy), the centred functions @ are lin-
early independent:

o(x,y) = w—/s@(%y)da(aﬁ) —/w(wvy)dﬁ(y) +/w(x7y)da($)dﬁ(y)

are such that Eagpslpp ] € RPXP is invertible.

By construction, [ ¢(z,y)da(z) = 0and [ @(z,y)dB(y) = 0 and one can see by emulating the
argument with the quadratic parameterization that there is at most one solution to ming £(cg; 7).

6.2 Stability

We consider the case where R is the ¢; regularizer, so

inf A9l + Fa(6) = juf Aol + K(0./.9)
5J59

To obtain stability guarantees, it is not sufficient that 6 — F,,(0) is a convex function. We
would require some local curvature properties, such as local strong convexity and local Lipchitz
smoothness.

An abstract stability result for inverse optimization Let
Pq(c) = argmin, (¢, ) + Q(7).

Let F(0) = Lg(co, ) be the Fenchel-Young loss constructed from noisy  ~ Q and noisy data
7. For . R

6 € argminy F'(6) + A\|9],
we have the following abstract result.

Theorem 1. [2] Suppose that 7 = Pq(cg+). Let # be an approzimation to ©* and ) be an
approximation to Q. Suppose that

1. Measurement stability |{p, # — )| < e.



2. Forward stability: (¢, Pa(ce) — Pglcox))| < e.

3. Local curvature of the loss: F(0) = L(co; U, #) is locally Lipschitz smooth and locally
strongly convex.

Then, for all € and X sufficiently small, there exists a unique minimizer to with
[0 — 0% = O(e + \).

By checking these three conditions for iOT, one can derive the following stability result.

Theorem 2. |2, [1]] Fiz the entropy reqularization parameter € > 0. Let ™ be the entropic OT
plan associated with cost ¢* = (0*) ", and let o*, B* be its marginals. Assume that

e o, B* are compactly supported,

e the cost parameterization @ 1is such that its centered version is nondegenerate: define
¢la,y) = ¢lz,y) = [olz,y)da*(z) — [ o(z,y)dB*(y) + [ oz, y)da*(z)dB*(y), and as-

sume that
(Ea*®/5* [@l (:L'a y)@y (Ia y)Dz,]
is invertible.

Then, the iOT loss F' defined with the full data 7 is locally strongly convex, locally Lipschitz
smooth and is twice differentiable. Moreover, for all t > 0, with probability at least 1 — et the
minimizer 0 to the sampled problem is unique and satisfies

162 — 6= 0 ( mamg (log(n) + ”) o). (7)

n

Let us comment on the three conditions of Theorem [ the first condition on measurement
stability is generally straightforward. In the iOT setting, # = L 3" | 6, ,.) Where (;,y;) are
iid samples drawn from 7*. So, using concentration inequalities such as Hoeffding’s inequality,
one has |[{p, # — 7*)| = O(1/+/n) with high probability.

Forward stability The second on forward stability is non-trivial to prove, but is well-
studied in the context of iIOT. It is essentially asking that the transport plan computed from
empirical data &™, 5"

7 A argmin, s gny(co+, ) + eKL(7[6" ® B
is close to the one computed from true data 7*. In fact, one has
[{, # = 7*)| = O(1/v/n)

with high probability [I3]. The only slight caveat here is that in the iOT setting, 4™, B” are the
marginals of 7™ are therefore not independent as in the setting of [11], [I3], so a slightly more
careful analysis needs to be carried out [2].

Local curvature The main work is checking the local curvature properties of F. To do so,
one shows that the loss function constructed full data F' = F,, has local curvature properties
and these are retained with high probability when considering the empirical loss. Recall that
F(0) =infy, K(0, f,g), where

K(0..9) " (ea— (f @ g)m) + [ e (f (@) +90) = (e, y’) do(z)dB(y).

g



At the heart of the local curvature results on F, is that fact that the exponential function is
locally lipschitz smooth and locally strongly convex.

Below, I list a few results to give some idea of the main mechanisms behind the proof for
stability of the recovered cost: the first lemma shows that the functiion K is coercive. As a
result, given the cost ¢, we can restrict the optimization of K over f and g to bounded sets.
The third lemma shows that K is locally strongly convex thanks to the exponential term.

Lemma 1 (Coercivity).

K(f,g,¢) > /|f@g—c|dﬁ+constant.

Lemma 2 (Restriction to bounded sets). Fiz ¢ and assume that ¢ is Lipschitz. Then, there
exists M > 0 such that

inf K(f,g,¢)= inf K(f,g,c
inf K(f,9,c) . (f,9,0)

def.

where Snr = {(f,9) \ I/l < M, |gloc <M, [ fda = 0}.
The following lemma shows K is locally strongly convex.

Lemma 3 (local strong convexity). If |f ® g — cloo, |/ @ 9 — oo < M,
K(f.g.0) = K(f',¢',)HVK(f'.g'.¢). (f,9.0)=(f", 9" NHCIf~F)@(9—9) (=) i2(anp)
If [ f(z)da(x) = 0 and [ e(z,y)da(z) = [ c(x,y)dB(y) =0, then

I(f = F) @ (9—9) = (= Nizgans) = If = Flez) + 19 = 'z + le = ¢l 2(asp)

6.3 Preservation of sparsity patterns

One often takes R(6) = ||0||; to enforce sparsity of the solution. One can therefore ask:

Let the ground truth 6% be s-sparse. Under £y-norm regularization, for appropriately chosen
reqularization parameter A and sufficiently many samples n, is the recovered solution 6 also
s-sparse?

One can analyse such questions using dual certificates which govern the structural stability
of our reconstruction method. In particular, under certain properties of the so-called dual cer-
tificate, one can guarantee that the recovered solution é;f has the same support as the underlying
ground truth 6*.

The dual certificate The iOT loss F with full data 7* can be shown to be twice differen-
tiable. Let H := V2F(6*) and define the certificate

2 := argmin {(z, (H*)"'2) : 2 € 9||6*|:}.
It is said to be nondegenerate if z* is in the relative interior of 9]|6*||;. That is,
Vi € Supp(6”), (z%); =sign(f]) and Vi Supp(6”), |[(z")i] <1.

Remark 4. In general, the optimality condition to §* € argming F'(6) + \|0]; reads as z* =
—+VF(6*) € 0|6*|1. The points where |2'| = 1 contain the support of *. One can show that
z* is the limit of 2%, so it gives one certificate to analyse the behaviour of §* when X is small.

We have the following result:
Theorem 3. Consider the setting of Theorem [3  Suppose that the certificate z* is non-

degenerate. Let 0 minimize with R(8) = A||0|l1. Let 6 > 0. Then, for all sufficiently small
reqularization parameters A and sufficiently many number of samples n with A > C'y/n~1log(n/J),

with probability at least 1 — 9§, the minimizer 0 has the same support as 0*.



6.3.1 The Gaussian setting

For simple settings (such as sampling from Gaussians), the non-degeneracy condition can be
checked numerically and we carry out such a numerical investigation in [I]. Similar investigations
are carried out for the iJKO setting in [2].

In the case where o = N(mq,X,) and § = N (mg,X3), and the cost function is ¢g(z,y) =
270y, the eOT plan is a Gaussian, has a closed form expression 7. (6) = N'((7'?), %) where

mg
Yo B
5= (3% 3).
X g
where the cross covariance has a closed form expression, but asymptotically, for small €, it has

1 1
the expansion ¥ = RZUVTXZ 4+ eATT + O(e?). Since everything is explicit here, one can
compute the Hessian

—1
PF(0%) = 2e[4e2(85 — T8, 2) ' @ (B0 — 38718 4+ (07T ® 9*)}

and hence the certificate can be computed in closed form.
In general, it is still difficult to analyse theoretically, but one can consider its limits as € — co
and € — 0. As € — oo, the problem converges ming A/e|0]1 + J(0; 7-(8*)) to a Lasso problem

. 1 1 3 *\ (|2
min 5 |(25 ® 24)(0 - 6%)|p + A6l

The certificate corresponds to a Lasso certificate and is typically non-degenerate.
On the other hand, in the special case where ¥, = Yg = Id, as ¢ — 0, the problem
ming Ae|0]1 + J(0; 7. (0*)) converges to a graphical lasso problem

renig)\||9||1 + (0, (0)") + log det(9).
-

The certificate corresponds to a graphical lasso certificate and is typically degenerate.
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