Data-Driven Methods in Control: Error Bounds and Guaranteed

Stability

Manuel Schaller

Workshop and Summer School on Applied Analysis 2025

26.09.2025
l-;-l
— r Funded by
&.===.=) DF Deutsche
UNIVERSITY OF TECHNOLOGY Forschungsgemeinschaft

German Research Foundation

CHEMNITZ

26.09.2025 - Manuel Schaller 1/33 TUC


TUC

Data-Driven Methods in Control

Workshop and Summer School on Applied Analysis 2025

Koopman-based methods

26.09.2025 - Manuel Schaller 2/33 TUC


TUC

Data-Driven Methods in Control

Workshop and Summer School on Applied Analysis 2025

Koopman-based predictions

ForQ c R™and F : Q — €, consider the dynamical system

Tiy1 = F(l’l), g € Q.

Rowley, Mezi¢, Bagheri, Schlatter, Henningson, J. Fluid Mech. 2009
Mezi¢ JNLS 2005, Annu. Rev. Fluid Mech 2013

Brunton, Budisi¢, Kaiser, Kutz, SIAM Rev. 2022

Lusch, Kutz, Brunton, Nature comm. 2018
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> Obvious way: Predict x; and evaluate ¢(z;)
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ForQ c R™and F : Q — €, consider the dynamical system
Tiy1 = F(l’l), g € Q.

Goal: Predict the dynamics of an observable along the flow, i.e., p(z;),7 € N
> Obvious way: Predict x; and evaluate ¢(z;)

> Alternatively: Koopman operator K acting on observables ¢ : QO — R:

(Ke)(w0) = ¢(z" (w0)) = (F(x0))

Rowley, Mezi¢, Bagheri, Schlatter, Henningson, J. Fluid Mech. 2009
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Tiy1 = F(l’l), g € Q.

Goal: Predict the dynamics of an observable along the flow, i.e., p(z;),7 € N
> Obvious way: Predict x; and evaluate ¢(z;)

> Alternatively: Koopman operator K acting on observables ¢ : QO — R:
(K) (o) = p(a™ (20)) = (F(20))

Central properties: K linear and (K')(xo) = ¢(z;(70))-
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ForQ c R™and F : Q — €, consider the dynamical system
Tiy1 = F(l’l), g € Q.

Goal: Predict the dynamics of an observable along the flow, i.e., p(z;),7 € N
> Obvious way: Predict x; and evaluate ¢(z;)

> Alternatively: Koopman operator K acting on observables ¢ : QO — R:
(K) (o) = p(a™ (20)) = (F(20))

Central properties: K linear and (K')(xo) = ¢(z;(70))-

Predict observations from previous ones: p(z1) = Ky(x)

Rowley, Mezi¢, Bagheri, Schlatter, Henningson, J. Fluid Mech. 2009
Mezi¢ JNLS 2005, Annu. Rev. Fluid Mech 2013

Brunton, Budisi¢, Kaiser, Kutz, SIAM Rev. 2022
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lllustration of the Koopman scheme

initial state z

DS

:v+( ) evaluation (p(er(wo))
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lllustration of the Koopman scheme

Koopman
K

observable ¢

initial state z evaluation

:c+( ) evaluation

Old idea: Koopman 1931
Today: Powerful tools to approximate K based on data: Extended Dynamic Mode Decomposition

Successfully applied in fluid dynamics, epidemiology, neuroscience, video processing and molecular
dynamics [Schmid "10], [Tu et al. "14], [Brunton, Kutz et al. "16] [Noé et al. '15]
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Wake behind a cylinder

1

2
Rev v

04+ (v-V)v=—-Vp+
dive =0

Click

Dynamic mode decomposition: data-driven modeling of complex systems, Kutz, Brunton, Brunton, Proctor, SIAM 2016
Thanks to Emilia Krendelsberger and Karl Worthmann (TU llmenau)
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Koopman eigenfunctions
Let o : 2 — R and X € C satisfy

Ko = Aep.

-

o

'
-
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Model reduction

Tru
r=3 [r=11|r=21
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Consequences of linearity
Eigenfunctions and Koopman mode decomposition: Let ¢ : Q — R satisfy

Ko = Ap.
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Consequences of linearity
Eigenfunctions and Koopman mode decomposition: Let ¢ : Q — R satisfy

Ko = Ap.

» Long-term predictions

plar) = (KFe)(wo) = M (o).
> Invariant sets: : If p(zg) = 0, then

W(F(z0)) = (Ko)(xo) = Ap(z9) =0 ~»  Sp = {x: p(z) = 0} invariant
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Consequences of linearity
Eigenfunctions and Koopman mode decomposition: Let ¢ : Q — R satisfy

Ko = Ap.

» Long-term predictions

plar) = (KFe)(wo) = M (o).
> Invariant sets: : If p(zg) = 0, then

o(F(0)) = (K)(x0) = Ap(0) =0~ o = {z : p(x) = 0} invariant
» Conserved quantities: A =1, i.e,,

plar) = (Kre)(a) = p(ro) =¢ Vo € S. = {z:p(x) =c}.
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Consequences of linearity
Eigenfunctions and Koopman mode decomposition: Let ¢ : Q — R satisfy

Ko = Ap.

» Long-term predictions

plar) = (KFe)(wo) = M (o).
> Invariant sets: : If p(zg) = 0, then

p(F(20) = (Kg)(w0) = Ap(wo) =0~ Sy = {a: p(z) = 0} invariant
» Conserved quantities: A =1, i.e,,

pla) = (KP)(2) = p(o) = Vo€ S.={z:p(x)=c}
> Multiple eigenvalues: If ¢ and o5 eigenfunctions with the same eigenvalue \:

o1(ze)  Moi(zo) _ 1(wo)

= = = ¢ invariant.
pa(xr)  Mepa(zo)  p2(z0)
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More applications
Folding kinetics of a 35-amino acid protein

dXt = VV(Xt)dt + O'(Xt)th

?J" Membership Functions
1.0

500 t[us]

Wu, Niiske, Paul, Klus, Koltai, Noé. The Journal of Chemical Physics 2016
Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
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More applications
Folding kinetics of a 35-amino acid protein Kuramoto-Sivashinsky: Chaotic flames

dX, = VV(X,)dt + o(X,)dW; Owx + V32 + Viz + |Vz|? = 0.

JBJ' Membership Functions
1.0

Lt s ‘:
. Y

500 t[us]

ol 4 '
-80-60-40-20 0 20 40 60 80

£

Wu, Niiske, Paul, Klus, Koltai, Noé. The Journal of Chemical Physics 2016
Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
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Stochastic Differential Equations

Consider the SDE
dXt = f(Xt)dt + O'(Xt)th.

Suitable assumptions: solution (X;),>¢ exists and is Markov process.
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Stochastic Differential Equations

Consider the SDE
dX; = f(Xp)dt + o(X)dWr.
Suitable assumptions: solution (X;),>¢ exists and is Markov process. By
pe(z, A) =P(X; € A| Xo =)

we denote the associated transition probability.
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Stochastic Differential Equations

Consider the SDE
dX; = f(Xp)dt + o(X)dWr.
Suitable assumptions: solution (X;),>¢ exists and is Markov process. By
pe(z, A) =P(X; € A| Xo =)

we denote the associated transition probability. Here, one defines

(K)(a®) = Elp(X,) | Xo = 2%] = / o) pe(a®, dy).

26.09.2025 - Manuel Schaller 10/33 TUC


TUC

Data-Driven Methods in Control

Workshop and Summer School on Applied Analysis 2025

Stochastic Differential Equations

Consider the SDE
dX; = f(Xp)dt + o(X)dWr.
Suitable assumptions: solution (X;),>¢ exists and is Markov process. By
pe(z, A) =P(X; € A| Xo =)

we denote the associated transition probability. Here, one defines
(160)a”) = Ble(X0) | Xo = 2°) = [ o(y) pula”.dy).

In the deterministic case, p; (2, A) = §,(1,,0)(A) such that (Ke)(z°) = p(z(t; 2°)).
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Extended Dynamic Mode Decomposition (EDMD)?

Consider data points zg, .., zq—1 € €, a dictionary V := span{{¢; j.\’zl} with, : Q = R,

. ((%@0))‘ (1/11(@1))) oo ((%(ﬁ'(%)))) (wl(ﬁ.(xdl) ))
e/ \ewean) ) \\ewet@)) | [ \ewet@a))) )

2williams et al., Journal of Nonlinear Science, 2015
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Extended Dynamic Mode Decomposition (EDMD)?

Consider data points zg, .., zq—1 € €, a dictionary V := span{{¢; j.\’zl} with, : Q = R,

. ((%@0))‘ (1/11(@1))) oo ((%(ﬁ'(%)))) (wl(ﬁ.(xdl) ))
e/ \ewean) ) \\ewet@)) | [ \ewet@a))) )

Data-based surrogate of the projected Koopman operator:

PV’CW A argmin g cpn <N Y — KX”%

2williams et al., Journal of Nonlinear Science, 2015
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Data-based surrogate of the projected Koopman operator:
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Extended Dynamic Mode Decomposition (EDMD)?
Consider data points zg, .., zq—1 € €, a dictionary V := span{{¢; j.\’zl} with, : Q = R,

Y1 (o) Y1(za—1) Y1(x™(20))) Yr(at (zq-1)
X = : . : , Y= : . :
Y (o) YN (Ta—1) Y (2T (20)) Yn(zt (z4-1))
Data-based surrogate of the projected Koopman operator:
PyKpy ~ argmingegnxn [|[Y — KX||3 =: K,

Approximation error can be split up into two sources:
> Projection: K — PyKv due to finite dictionary V := span{(v;)}_, }
» Estimation: PyKy — K4 due to finite data points zo, .., za—1 € Q

2williams et al., Journal of Nonlinear Science, 2015
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Extended Dynamic Mode Decomposition (EDMD)?
Consider data points zg, .., zq—1 € €, a dictionary V := span{{¢; j.\’zl} with, : Q = R,

Y1 (20) Y1(za-1) Y1(zt(20))) Y1(zt(z4-1)
X = : . : , Y= : . :
NETY! YN (Td-1) YN (x (20)) YN (zt(z4-1))

Data-based surrogate of the projected Koopman operator:
PyKpy ~ argmingegnxn [|[Y — KX||3 =: K,

Approximation error can be split up into two sources:
> Projection: K — PyKv due to finite dictionary V := span{(v;)}_, }
» Estimation: PyKy — K4 due to finite data points zo, .., za—1 € Q
Convergence in infinite-data and infinite-dictionary limit®

3Korda, Mezi¢, Journal of Nonlinear Science, 2018
2williams et al., Journal of Nonlinear Science, 2015

26.09.2025 - Manuel Schaller 11/33 TUC


TUC

Data-Driven Methods in Control

Workshop and Summer School on Applied Analysis 2025

Sampling strategies

Data g, ..., z4_1 € Q with successor states yg, ..., yqs-1 € Q2 from either
1) iid. sampling: Xo = z; drawn i.i.d. w.rt. g, y; = Xaq.
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Data g, ..., z4_1 € Q with successor states yg, ..., yqs-1 € Q2 from either
1) iid. sampling: Xo = z; drawn i.i.d. w.rt. g, y; = Xaq.
2) sampling from a long trajectory: z = Xias Y& = X(kt1)At-

Assume there is an invariant probability measure ;. on (), i.e.,

/ pula, A) du(z) = p(A)
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Sampling strategies

Data g, ..., z4_1 € Q with successor states yg, ..., yqs-1 € Q2 from either
1) iid. sampling: Xo = z; drawn i.i.d. w.rt. g, y; = Xaq.
2) sampling from a long trajectory: z = Xias Y& = X(kt1)At-

Assume there is an invariant probability measure ;. on (), i.e.,

[ it Ay duto) = )
and that (X;):>¢ is ergodic, i.e. forall ¢t > 0

pe(z,A)=1Vz e A = p(A4) e€{0,1}
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For , we have with p := >N ? € L2

2
lol2

de?

P(||PvKly — Kallr <€) 21—

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024.
Niske, Peitz, Philipp, S., Worthmann, Journal of Nonlinear Science, 2023
Kostic et al., NeurlPS, 2022/2023
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For , we have with p := >N ? € L2

2
lol2

de?

P(||PvKly — Kallr <€) 21—
If p € L2(€2),

P(|PyKly — Kallr <€) 21— exp ( L) 7

" lel2
Ly

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024.
Niske, Peitz, Philipp, S., Worthmann, Journal of Nonlinear Science, 2023
Kostic et al., NeurlPS, 2022/2023
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For , we have with p := >N ? € L2
(Il ~ el <) 2 1~ 102
If o € L2 (Q),
P(IRKCly - Kallr <) 21— exp (—m) ,
For ,assume A = lisan of K. Then
P(|PKly — Kallr <&) = 1— dLsT

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024.
Niske, Peitz, Philipp, S., Worthmann, Journal of Nonlinear Science, 2023
Kostic et al., NeurlPS, 2022/2023
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For , we have with p := >N ? € L2
(Il ~ el <) 2 1~ 102
If o € L2 (Q),
P(|PeKlv — Kallr <€) 2 1 —exp (‘uﬁﬁ) :
For ,assume A = lisan of K. Then
P(|PKly — Kallr <&) = 1— disz.

A = lis never isolated for deterministic systems: Condition related to the spectral measure

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024.
Niske, Peitz, Philipp, S., Worthmann, Journal of Nonlinear Science, 2023
Kostic et al., NeurlPS, 2022/2023
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Back to examples

Estimation Errors

10*
—e— RMSE Data
—e— Quantile Data
—=— RMSE Predict
103 i —8— Quantile Predict
S R ©(m-17)
g ~~~~~~ 1\.
W { e—o o  “~~o
1024 %0 o o, Ti-a
10! T

101

10° m/ms 10!

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024

-

[1Km = K[1/1K] |

—N = 500, At = 2s

—N = 1000, At = 1s

=N = 2000, At = 0.5s
slope -1.0

= slope -2.0

3 4 5 6789

10k

2 3 4 56

number of samples [m]
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Intuition: Monte-Carlo Integration

We may write the projected Koopman operator via'

PyKly=C7'A  with  Cij = (i, V)2,  Aij = (i, K¥j)12(0)

TKlus, Niiske, et al., Physica D, 2018
26.09.2025 - Manuel Schaller 15/33 TUC
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Intuition: Monte-Carlo Integration
We may write the projected Koopman operator via'
PyKly=C™'A  with  Cij = (i, )12, Aij = (i, K¥j)r2(0)

Data-driven approximation: ) 5
Kq = argmingcpyxn [|[Y — KX||3

TKlus, Niiske, et al., Physica D, 2018
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TUC

Data-Driven Methods in Control

Workshop and Summer School on Applied Analysis 2025

Intuition: Monte-Carlo Integration
We may write the projected Koopman operator via'
PyKly=C™'A  with  Cij = (i, )12, Aij = (i, K¥j)r2(0)

Data-driven approximation:
PP Kg=XX")1xyT’

TKlus, Niiske, et al., Physica D, 2018
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Intuition: Monte-Carlo Integration

We may write the projected Koopman operator via'
PyKly=C™'A  with  C;; = (i, ¥)) 12(0)5

Data-driven approximation:
PP Ki=(XX")'XYy" =C;"Ay
with
d—1

_é wzkaj xk :dzwzxk

k=0

as

Xo= ()Y ) v <w1(”:(“”°)”>...
P (z0) YN (Ta—1) Y (@t (20))

TKlus, Niiske, et al., Physica D, 2018

A’L,j = <¢27

Kj) L2

(Kaps) (k)

(

Tﬁl(fr(_md—l))
Y (zT (za—1))

)
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Intuition continued
It's all about & S0 71 v () vy (k) — [ b

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
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Intuition continued
It's all about & S0 71 v () vy (k) — [ b

Step 1: Estimate variance:
1. iid. sampling o3, ; = 502,
2. ergodic samplinge3; ; =%( o%.; — R} )

©0,1,7

asymptotic variance  remainder term

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
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Intuition continued

It's all about % Zk b (i) (k)

Step 1: Estimate variance:
.. . 2 _ l 2
1. Lid. sampling o7 ; . = 307 ;
2. ergodic samplinge3; ; =%( o%.; — R} )

asymptotic variance  remainder term

Step 2: Apply concentration inequality (Chebychev, Hoeffding...)

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
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Intuition continued
It's all about & S0 71 v () vy (k) — [ b

Step 1: Estimate variance:
ii i 2 _1_2
1. Lid. sampling o7 ; . = 307 ;
i i 2 _ 1 2 d
2. ergodic sampling o3 ; ; = ( 0oi - R}, )
~—~
asymptotic variance  remainder term

Step 2: Apply concentration inequality (Chebychev, Hoeffding...)

Decay of L -remainder term: Ergodic theory and mixing conditions.

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
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Intuition continued
It's all about & S0 71 v () vy (k) — [ b

Step 1: Estimate variance:
1. iid. sampling o3, ; = 502,
2. ergodic sampling o3 ; ; = ( 0li - jo )
asymptotic variance  remainder term

Step 2: Apply concentration inequality (Chebychev, Hoeffding...)

Decay of L -remainder term: Ergodic theory and mixing conditions.

Approximation error:
> Projection: K — PyKy due to finite dictionary V := span{(v;) 1., }
» Estimation: PyCly — K4 due to finite data points zo, .., z4—1 € Q

Philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
26.09.2025 - Manuel Schaller 16/ 33 TUC
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Kernel Extended Dynamic Mode Decomposition

A Reproducing Kernel Hilbert Space H is a
» Hilbert space of functions f: Q@ —» R
> with s.p.d. kernel k& : Q x Q — R with k(x,-) € H for all 2 € Q and

VoeH: o(x)=(p kz,)) reproducing property

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Kernel Extended Dynamic Mode Decomposition

A Reproducing Kernel Hilbert Space H is a
» Hilbert space of functions f: Q@ —» R
> with s.p.d. kernel k& : Q x Q — R with k(x,-) € H for all 2 € Q and

VoeH: o(x)=(p kz,)) reproducing property

Dictionary: For data points X = {z1...,24} C Q set Vy := span{k(z1,-), k(x2, ), ..

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024

. ,]i)((Ed, )} CH
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Kernel Extended Dynamic Mode Decomposition

A Reproducing Kernel Hilbert Space H is a
» Hilbert space of functions f: Q@ —» R
> with s.p.d. kernel k& : Q x Q — R with k(x,-) € H for all 2 € Q and

VoeH: o(x)=(p kz,)) reproducing property
Dictionary: For data points X = {z1...,z4} C Q set Vy := span{k(z1,-), k(z2,"),...,k(zq,-)} CH

k(zo,x0) k(zo,Td—1) k(zo,z0™) ... k(a:o,x;r_l)

k(fﬂdfl,mo) k(xdfl,xdfl) k(xd_l,xar) k(wd_1,$;71)

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Kernel Extended Dynamic Mode Decomposition

A Reproducing Kernel Hilbert Space H is a
» Hilbert space of functions f: Q@ —» R
> with s.p.d. kernel k& : Q x Q — R with k(x,-) € H for all 2 € Q and

VoeH: o(x)=(p kz,)) reproducing property
Dictionary: For data points X = {z1...,zq4} C Q set Vy := span{k(z1,-), k(x2,), ..., k(zq, )} CH

k(zo,z0) ...  k(xo,ma—1) k(zo,zot) ... k(zo,zl )
X=| : CY= :
k((td_l,xo) k(xd_l,xd_l) k(xd_l,xa") k(l’d_hmzil)

KEDMD approximant

Ki= (XX 1 XTy =Xx"'X"'Xy =Xx"1v

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Representation of the Koopman operator

Compatibility assumptions such that H 4 L2(9)

26.09.2025 - Manuel Schaller 18/33 TUC


TUC

Data-Driven Methods in Control

Workshop and Summer School on Applied Analysis 2025

Representation of the Koopman operator

Compatibility assumptions such that H J Li(Q)

Central concept: Mercer integral operator £ : L7 (Q) — H

£ = / Kz, () du(z).
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Representation of the Koopman operator

Compatibility assumptions such that H J Li(Q)

Central concept: Mercer integral operator £ : L7 (Q) — H

£ = / Kz, () du(z).

(o) /w /w — (), VHEIR(Q).eH

with
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Representation of the Koopman operator

Compatibility assumptions such that H J Li(Q)

Central concept: Mercer integral operator £ : L7 (Q) — H

£ = / Kz, () du(z).

(o) /w /w (@) = (), Vb€ I2(Q),ncH

with

Adjoint £* : H — Li(Q) is the compact inclusion operator from H into Li(Q)

En=mn, neH

26.09.2025 - Manuel Schaller 18/33 TUC
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Koopman through the lens of the Mercer operator

Set LfL k. Li
Cl = EKE*

such that g*T lg

(n, Chb) = (n, Kb} Ci

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Koopman through the lens of the Mercer operator

Set LfL _r Li
Cl, = EKE*
such that € *T \ lg
t _ C,
(n, Cryp) = (n, Ko, WM —" v m

Setting Cy = £&*
(ENTIKE = (£67) e (EN)TIKET = CptERET = Cy 'Oy

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Koopman through the lens of the Mercer operator

Set LfL _r Li
Cl, = EKE*
such that € *T \ lg
t _ C,
(n, Cryp) = (n, Ko, WM —" v m

Setting Cy = £&*
(ENTIKE = (£67) e (EN)TIKET = CptERET = Cy 'Oy

Strategy: Approximate Cﬁl, Cf, and transfer to Koopman operator

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Koopman through the lens of the Mercer operator

Set LfL _r Li
Cl, = EKE*
such that € *T \ lg
t _ C,
(n, Cryp) = (n, Ko, WM —" v m

Setting Cy = £&*
(ENTIKE = (£67) e (EN)TIKET = CptERET = Cy 'Oy

Strategy: Approximate Cﬁl, Cf, and transfer to Koopman operator

Caution: £ ', & are unbounded

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Empirical estimator for C};

We compute

Clap = EKE* = / (K)(z

9= ] | s

= Cryw

) ez, dy)dp().

26.09.2025 - Manuel Schaller 20/33
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Empirical estimator for C};

We compute

Chi = e = [ (ku)(a 0= [ [ 6@k pile dyyauta).

- Ca‘yw
Empirical estimator of time-lagged cross-covariance:

d—

1 ) )
i Z o with matrix rep.
k=0

=3 (Y)ij = k(i y5)

aul
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Empirical estimator for C};

We compute

Chi = e = [ (ku)(a 0= [ [ 6@k pile dyyauta).

= Cryw

Empirical estimator of time-lagged cross-covariance:

d—

1 ) )
i Z o with matrix rep.
k=0

=3 (Y)ij = k(i y5)

aul

Empirical estimator of kernel covariance:

d—
Z sz = Cli with matrix rep.
=0

(X)ij = k(x4 25)

Ul =

1
CH:S*gz/Cmdu ~
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Finite-data error bound

Theorem

For all € > 0, there is dy € N such that for all d > d

P(|Ch — G llars > e) <

Philipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
Mollenhauer, Klus, Schiitte, Koltai, Journal of Machine Learning Research, 2022.
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Main tool: Variance representations’

1

E[Haﬁ’t - O]ISI”%—IS] = g [Eo(t) +2 d%.lk ]E[<CZk - O]It-]la Czo - O]It-[[>HS] )

2philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
TPhilipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Main tool: Variance representations’

1

E[Haﬁ’t - O]ISI”%—IS] = g [Eo(t) +2 d%.lk ]E[<CZk - O]It-]la Czo - O]It-[[>HS] )

Fori.i.d. sampling, R(d) = 0.

2philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
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Main tool: Variance representations’

1

E[Haﬁ’t - O]ISI”%—IS] = g [Eo(t) +2 d%.lk ]E[<CZk - O]It-]la Czo - O]It-[[>HS] )

R(d)
Fori.i.d. sampling, R(d) = 0.
For ergodic sampling, if 1 is an isolated eigenvalue of K, then with Ky = K|, «

R(d) < 8Eo(t)[|(I — Ko)~?|

2philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
TPhilipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Main tool: Variance representations’

1

E[Haﬁ’t - O]ISI”%—IS] = g [Eo(t) +2 d%.lk ]E[<CZk - O]It-]la Czo - O]It-[[>HS] )

R(d)

Fori.i.d. sampling, R(d) = 0.
For ergodic sampling, if 1 is an isolated eigenvalue of K, then with Ky = K|, «

R(d) < 8Eo(t)[|(I — Ko)~?|

Similar variance representations for arbitrary dictionaries?

2philipp, S., Boshoff, Peitz, Niiske, Worthmann, arXiv:2402.02494, 2024
TPhilipp, S., Worthmann, Peitz, Niiske, Applied and Computational Harmonic Analysis, 2024
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Transfering this to Koopman operator
We have Cf, = EKE*,
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Transfering this to Koopman operator
We have Cf; = EKE*, but £71, E~* are unbounded.
Remedy: Mercer basis of eigenfunctions of trace class operator Cyy = £€* (f;, A;), A, — 0 with

(f;,)isONBof H ~ and  (e;) = (\; /*f;) is ONB of L?
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Transfering this to Koopman operator

We have Cf; = EKE*, but £71, E~* are unbounded.

Remedy: Mercer basis of eigenfunctions of trace class operator Cyy = £€* (f;, A;), A, — 0 with
(f;,)isONBof H ~ and  (e;) = (\; /*f;) is ONB of L?

Then, for ¢ € H,

oo

N o)
K = ZUC?/), ej>uej = ZUCl/), €j>uej + Z <IC’(/), 6j>M6j

j=1 j=1 j=N+1

=:IC N Y
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Transfering this to Koopman operator
We have Cf, = EKE*, but £~1, £~* are unbounded.
Remedy: Mercer basis of eigenfunctions of trace class operator Cyy = £€* (f;, A;), A, — 0 with

(f;,)isONBof H ~ and  (e;) = (\; /*f;) is ONB of L?
Then, for ¢ € H,

N o)
Ky = Z(IC@/}, €j)pue; = Z(/Cl/), ej)u€j + Z (K, e5) ue;

j=1 j=1 j=N+1

=:Kn

and we approximate with ¢; = (A; '/ f;) are eigenfunctions of C = 1 Y27 Oy

N N

Knt=Y (Clip,ej)me; = Y (Cy', &)me; = K0

j=1 j=1
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Transfering this to Koopman operator
We have Cf, = EKE*, but £~1, £~* are unbounded.
Remedy: Mercer basis of eigenfunctions of trace class operator Cyy = £€* (f;, A;), A, — 0 with

(f;,)isONBof H ~ and  (e;) = (\; /*f;) is ONB of L?
Then, for ¢ € H,

N o)
Ky = Z<K¢, €j)pue; = Z(/Cl/), ej)u€j + Z (K, e5) ue;

j=1 j=1 j=N+1

=:Kn

and we approximate with ¢; = (A; '/ f;) are eigenfunctions of C = 1 Y27 Oy

N N

Knt=Y (Clip,ej)me; = Y (Cy', &)me; = K0

j=1 j=1

Back to KEDMD: K¢ corresponds to K, via K; = X 'Y ~ X |Y with a rank-N truncation of X.
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Main result; Estimation error

Theorem
Let N € N and assume the gap condition

Aj = Aj
= in ———— > 0.
TN j:rﬂ.l{l,N 2 =

Then, for each error bound ¢ € (0, §) and probabilistic tolerance § € (0,1) and

Eo(t) + R(d)

d > N
> max{N, 25

}

we have with probability at least 1 — ¢

. 1 N+1
Ky — K2 < (—+ 21
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Invariance of the RKHS: Projection error

Corollary
Assume in addition that ||| < oc. Thenfor N e N, e > 0, 6 € (0, 1), there is mg € N such that for all
d > dy

1 N +1

. .
I =~ Kby |+ S| e v Ko
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From L? to L> bounds
With Py, H-orthogonal projection onto Vx = span{k(z;,-),i =0,...,d — 1}

K~ Ky := Py, KPy, ~» matrix representation K)_(lKX’X+
with

(Kx)ij = k(zi,xj),  (Kx x+)ij = k(zi, F(x5)).

Wendland, Advances in Computational Mathematics 1995
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From L? to L> bounds
With Py, H-orthogonal projection onto Vx = span{k(x;,-),i =0,...,d — 1}
K~ Ky := Py, KPy, ~» matrix representation K)_(lKX’X+
with
(Kx)ij = k(zi, x5),  (Kx,x+)i = k(@i F(x;)).
Here: compactly supported radially symmetric Wendland kernel:

H= H°P(Q)  p~ smoothness

Wendland, Advances in Computational Mathematics 1995
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From L? to L> bounds
With Py, H-orthogonal projection onto Vx = span{k(x;,-),i =0,...,d — 1}
K~ Ky := Py, KPy, ~» matrix representation K)_(lKX’X-%—
with
(Kx)ij = k(zi, x5),  (Kx,x+)i = k(@i F(x;)).
Here: compactly supported radially symmetric Wendland kernel:
H= H°P(Q)  p~ smoothness

Projection error P, — I controlled by fill distance

hy = i —
x = sup min o=

Wendland, Advances in Computational Mathematics 1995
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Error bound on K — Py, Py,

Theorem?
If flow is in C™, then, for o(p) < m, K. 1777 (Q) « 117 (Q), and, for f € H®)(Q),

ICf = Kaflloo S W1 fll o (c)-

2Kshne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Error bound on K — Py, Py,

Theorem?
If flow is in C™, then, for o(p) < m, K. 1777 (Q) « 117 (Q), and, for f € H®)(Q),

ICf = Kaflloo S W1 fll o (c)-

1E = Kallg e, = 1K = Pk Prs gy, S L+ K s 1 P

2Kshne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Error bound on K — Py, Py,

Theorem?
If flow is in C™, then, for o(p) < m, ,and, for f € H*®)(Q),

ICf — Kaflloo S 521 £l o 0)-

1K = Kally o, = 16 = PrukPus sy, S (1 + K 050)

Theorem (Wendland 1995)

There are C, hy > 0 such that ={x;}¢, CcQwithhy < hpandall « € N¢, |a| <k,

k
1T = Prrella,, o) < CRET,

2Kshne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Proof pt. 2

HIC - KdH]H[HC;, = H’C - PVXICPVXuHHCb 5 (1 + HKH H ‘*")HI - PVX||H—>Cb

3Gonzalez et al. ICLR 2025.
4Kshne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Proof pt. 2

1K = Kalliyc, = 1K = PvaKPylly o, S @+ 1K) = Py lluse,

Theorem?

Let H be a Gaussian RKHS on Q = R"=. Then KH c H if and only if the flow is affine-linear, i.e.,
z(t; 2%) = A(t)x® + b(t).

3Gonzalez et al. ICLR 2025.
4Kshne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Proof pt. 2

|I - PVX ||H—>Cb

1K = Kalliy e, = 1K = PraKPuyly o, S A+ 1K00)

Theorem?®
Let H be a Gaussian RKHS on Q2 = R"=. Then KH C H if and only if the flow is affine-linear, i.e.,

x(t: 2Y) = A(t)z® + b(¢t).

Proposition*
The Koopman operator on RKHS is always closed.

3Gonzalez et al. ICLR 2025.
4Kshne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Proof pt. 2

1K = Kalliyc, = 1K = PvaKPylly o, S @+ 1K) = Py lluse,

Theorem?®
Let H be a Gaussian RKHS on Q2 = R"=. Then KH C H if and only if the flow is affine-linear, i.e.,

x(t: 2Y) = A(t)z® + b(¢t).

Proposition*
The Koopman operator on RKHS is always closed. |n particular, H < FH implies ||

0.

3Gonzalez et al. ICLR 2025.
4Kshne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Koopman is closed

Adjoint-like property:
(K, k(z,)) = o(F(z) = (Kp)(x) = (¢, k(F(z),"))

5K&hne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Koopman is closed

Adjoint-like property:
(Ko, k(z,-)) = o(F(2)) = (Kp)(x) = (¢, k(F(z),"))
Let f, f, € Hand g € Hsuchthat||f, — f|| = 0and |[Kf, — g|| = 0as n — oco. To show: g = Kf.

5K&hne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Koopman is closed

Adjoint-like property:
(Ko, k(z,-)) = o(F(2)) = (Kp)(x) = (¢, k(F(z),"))
Let f, f, € Hand g € Hsuchthat||f, — f|| = 0and |[Kf, — g|| = 0as n — oco. To show: g = Kf.

9(x) = (g, k(z,-)) = lim (Kfp,k(z,-)) = lim (fo, K(F(2),-))) = (f, k(F(2),-)) = (L], k(z,-))

n—oo

5K&hne, Philipp, S., Schiela, Worthmann, SIADS 2025
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Koopman is closed

Adjoint-like property:
(Ko, k(z,-)) = o(F(2)) = (Kp)(x) = (¢, k(F(z),"))
Let f, f, € Hand g € Hsuchthat||f, — f|| = 0and |[Kf, — g|| = 0as n — oco. To show: g = Kf.

9(x) = (g, k(z,-)) = lim (Kfp,k(z,-)) = lim (fo, K(F(2),-))) = (f, k(F(2),-)) = (L], k(z,-))

n—oo

Corollary®
If flow F is in C™, then for Wendland kernels with H = H°®)(Q), o(p) < m,

K /|r—m < oo

Sketch of the proof: Chain rule,as Ky = po F.

5K&hne, Philipp, S., Schiela, Worthmann, SIADS 2025
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EDMD for control systems

Consider the control-affine system
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At
1/J+ _ 1[1(x(At,u,x0)) = < AtA,0 Jr/ e(Ats)ABu(S)> _
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Consider the control-affine system
i(t) = flx(t),u(t)) = gola(t)) + Zgl

Aim: Find u = p(x) such that above system @ = f(z, u(z)) is stable towards «*.
Assuming u € L, for fixed At > 0, we may define 1 = F(x,u) := ¢(At; x,u).

Linear surrogate model (eDMDc) ¢+ = ¢ (z 1) = K1 + Bu [Proctor et al. "16] [Korda, Mezi¢ ‘18]
But: Even if & = f(x,u) = Az + Bu ~ x(t) = e!42° + f e(t=9)ABuy(s) ds:

At
1/J+ _ 1[1(x(At,u,x0)) = < AtA,0 Jr/ e(Ats)ABu(S)> _
0

No linearity to be expected for nonlinear liftings.
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Bilinear surrogate model [Williams et al. 16, Surana '16, Peitz et al. '20]
Let u € R™ and consider the Koopman operator

(Ki)(2°) = o(z(t; 2°, u))

Philipp, S., Worthmann, Peitz, Niiske, Journal of Nonlinear Science 2023, 2025
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Bilinear surrogate model [Williams et al. 16, Surana '16, Peitz et al. '20]
Let u € R™ and consider the Koopman operator

(Kup)(@®) = p(a(t;2°, u))
Strongly continuous semigroup (in L? or C):
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Philipp, S., Worthmann, Peitz, Niiske, Journal of Nonlinear Science 2023, 2025
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Bilinear surrogates
Bilinear surrogate model [Williams et al. 16, Surana '16, Peitz et al. '20]
Let u € R™ and consider the Koopman operator

() (2°) = p((t;2°,u))
Strongly continuous semigroup (in L? or C):
(K*90)(2°) = p(a(t + 512°)) = p(z(t;2(s:2°))) = (K'p)(a(s32°)) = (K'KC*p)(2?)
Then, the densely defined generator

to—p d
Ly = lim Kup=¢ _

50 T - a@(x(t; 'au))|t=0 = VSD : (90 + Zgﬂh)

Philipp, S., Worthmann, Peitz, Niiske, Journal of Nonlinear Science 2023, 2025
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Bilinear surrogates
Bilinear surrogate model [Williams et al. 16, Surana '16, Peitz et al. '20]

Let u € R™ and consider the Koopman operator
(Kap) (@) = p(x(t; 2%, u))
Strongly continuous semigroup (in L? or C):
(K2 0)(2%) = p(a(t + 532°%)) = p(a(t; 2(s;27))) = (K'e)(z(s;2°)) = (K'K¢)(2?)
Then, the densely defined generator

. Kip—p d
Lupi=lm —=— =75,

hence £, = Lo + >, ui(Le, — Lo), such that

Pl )y = Vo (90 -+ giwi)

¢ =Lup=Lo+ Y uilLe, — Lo)p

i=1

Philipp, S., Worthmann, Peitz, Niiske, Journal of Nonlinear Science 2023, 2025

26.09.2025 - Manuel Schaller 31/33 TUC


TUC

Data-Driven Methods in Control

Workshop and Summer School on Applied Analysis 2025

EDMD-based exponentially stabilizing controller

Approximately bilinear system

ot =Ko+u"Bo+ O(Atz)

Strasser, S., Worthmann, Berberich, Allgower, IEEE TAC 2025
Strasser, Worthmann, Mézic, Berberich, S. Allgower, submitted 2025
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EDMD-based exponentially stabilizing controller

Approximately bilinear system
ot =Ko +u'Bp+ O(At?)
— LMI-based tools from robust control to design state-feedback controller
w(x) = (I — Ly(A™r @ &(2))) "L LP~1d(x)
ensuring exponential stability (with probability 1 — ) for all initial conditions in the safe operating region
fe{reR"|d(x)" P 1d(x) <1},

where P, L, L,,, A, ... solve two Linear Matrix Inequalities.

Strasser, S., Worthmann, Berberich, Allgower, IEEE TAC 2025
Strasser, Worthmann, Mézic, Berberich, S. Allgower, submitted 2025
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EDMD-based exponentially stabilizing controller *
Nonlinear inverted pendulum ;
1(t) = @a(1),
t) = t b Lt -
d2(t) = 7 sin(z1(1)) W@( )+ W’“( ) ol
with mass m, length /, rotational friction coefficient b, and 78;‘10 = 4, R

a

gravitational constant g.

Nonlinear system

jtl(t) = pxl(t)’
a2 (t) = Nz (t) — 21(t)?) + u(t)

withp, A e R
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