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Operator Learning
Learning forward operator



Three areas of SciML

[Cai et al., 2021]



Learn ℒ−1 Evaluate

Operator learning

DeepONet

[Quanta Magazine; Lu et al, 2021] [Quanta Magazine; Li et al, 2020]

Fourier Neural Operator GNOT

[Hao et al., 2023]

Aim: Approximate solution operators of unknown PDEs           ℒ(u) = f



Sample complexity in operator learning

How many pairs  are needed to approximate ? ( f, u) ℒ−1

Random source Solution

f u

Theorem (B., Halikias, Townsend, 2023).

There is a randomized algorithm that converges 
exponentially fast to solution operators of elliptic 
PDEs with respect to the number of pairs. 

Downside: black-box operator difficult to interpret



PDE Discovery

[Schmidt & Lipson, Science 2009]

Aim: Find a symbolic expression for the forward operator           ℒ(u) = f



PDE Discovery

Aim: Find a symbolic expression for the forward operator 
          ℒ(u) = f

Given data , the aim is to discover an 

unknown function  satisfying 

{x1, …, xn, y}
f y = f(x1, …, xn)



PDE Discovery

Steven Brunton Nathan Kutz

[Brunton et al, 2016]

Sparse Identification of Nonlinear Dynamics (SINDy)

1. Observation of trajectory  

2. Choice of dictionary  

3. Solve least-square problem 

X(t)

Θ(X)

Θ(X )C = ·X



PDE Discovery

[Brunton et al, 2016]

Data-driven discovery of partial differential equations

[Rudy et al, Science Advances 2017]



PDE Discovery

There have been several recent works on sample 
complexity in operator learning, based on numerical 
linear algebra ideas [B. & Townsend, 2024]



PDE Discovery

1. How much data do we need to identify ODEs / PDEs?

2. What type of data do we need?

There have been several recent works on sample 
complexity in operator learning, based on numerical 
linear algebra ideas

Comparatively, fewer guarantees are known for SINDy-type algorithms

[B. & Townsend, 2024]



Guarantees for system identification 

[Hong et al., 2020]

[Scholl et al., 2026]

Distinguishing between parameters

Conditions for uniqueness

Identifiable parameters



Guarantees for system identification 

Learn the map  from a trajectory F : ℝd → ℝd ·u = F(u)

[Shumaylov et al., 2025]



Analytic systems identification

We consider the following system:

N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )

 are known analytic dictionary functions between Banach 

spaces and  are unknown coefficients 

𝒟i : 𝒰 × ℱ → 𝒱
c∗ = (c∗

1 , …, c∗
N) ∈ ℝN



Analytic systems identification

We consider the following system:

N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )

 are known analytic dictionary functions between Banach 

spaces and  are unknown coefficients 

𝒟i : 𝒰 × ℱ → 𝒱
c∗ = (c∗

1 , …, c∗
N) ∈ ℝN

When does a single pair  uniquely recovers the coefficients ?( f, u) c∗



Analytic systems identification



Examples of analytic systems identification

1.  Matrix recovery

One seeks a linearly parametrized matrix of the form

Example: Circulant matrices 

u = Af =
N

∑
i=1

c∗
i Ai f

+ + + =

A1 A2 A3 A4 A

N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )



Examples of analytic systems identification

2.  Dynamical systems

One seeks an ordinary differential equation of the form

Example: Lorenz system 

 

 

𝒟0[u, ( f0, f )](t) = u − f0

𝒟i[u, ( f0, f )](t) = ∫
t

0
Di(s, u(s), f(s))ds

·u(t) =
N

∑
i=1

c∗
i Di(t, u, f )

u(0) = f0

N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )



Examples of analytic systems identification

3.  Boundary value problems
N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )

One seeks a partial differential equation of the form
N

∑
i=1

c∗
i 𝒟i(u) = f

Example: Allen-Cahn equation 

 

  

𝒟0(u, f ) = f

𝒟1(u, f ) = Δu

𝒟2(u, f ) = u

 𝒟3(u, f ) = u3

𝒟4(u, f ) = u5

1
4

Δu − 5u − u3 + u5 = f



When is one-shot recovery possible?

We consider the following system:

When does a single pair  uniquely recovers the coefficients ?( f, u) c∗

N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )



When is one-shot recovery possible?

We consider the following system:

When does a single pair  uniquely recovers the coefficients ?( f, u) c∗

If  are linearly dependent:  and recovery is impossible 𝒟i(u, f )
N

∑
i=1

ai𝒟i(u, f ) = 0

N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )

N

∑
i=1

(c∗
i +ai)𝒟i(u, f ) = 𝒟0(u, f )

Solution 1 Solution 2

N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )



Parameter-to-output map

We consider the following system:

Given , we define the following parameter-to-output map:( f, u)

Lf,u : c ⟼
N

∑
i=1

ci𝒟i(u, f )

N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )

 injectiveLf,u  non-injectiveLf,u

Unique solution to Lf,u[c] = 𝒟0(u, f ) One-shot recovery is impossible



Degenerate input set

We assume that the solution operator  associated with 

 is analytic and well-posed

𝒢 : f ↦ u
N

∑
i=1

c∗
i 𝒟i(u, f ) = 𝒟0(u, f )

Set of degenerate inputs  such that one-shot recovery is impossible: f

ℱdeg(c∗) = {f ∣ Lf,𝒢( f ) injective}

If we select , how likely is it to be a degenerate input?f ∈ ℱ



Zero-one law for one-shot recovery

Theorem. [B., Halikias, Otto, Townsend 2026]

Exactly one of the following is true: 

• If  is sampled from a Gaussian measure on  then  with 

probability  (recovery is almost-surely possible) 

• All inputs are degenerate:  (recovery is impossible)

f ℱ f ∉ ℱdeg(c∗)
1

ℱdeg(c∗) = ℱ



Zero-one law for one-shot recovery

Theorem. [B., Halikias, Otto, Townsend 2026]

Exactly one of the following is true: 

• If  is sampled from a Gaussian measure on  then  with 

probability  (recovery is almost-surely possible) 

• All inputs are degenerate:  (recovery is impossible)

f ℱ f ∉ ℱdeg(c∗)
1

ℱdeg(c∗) = ℱ

Proof.

Properties of zero-level sets of analytic functions



Zero-level sets of analytic functions

If  is non-zero and analytic then its zeros 
are isolated

ϕ : ℝ → ℝ

Dimension 1

Otherwise all derivatives at an accumulation point would vanish hence the 
Taylor series and  would be zero.ϕ



Zero-level sets of analytic functions

If  is non-zero and analytic then its zeros 
are isolated

ϕ : ℝ → ℝ

Dimension 1

Otherwise all derivatives at an accumulation point would vanish hence the 
Taylor series and  would be zero.ϕ

Finite dimensions [e.g., Federer 1969]

If  is non-zero and analytic then  
has Lebesgue measure  in 

ϕ : ℝn → ℝ ϕ−1{0}
0 ℝn



Zero-level sets of analytic functions

If  is non-zero and analytic then its zero-
level set  is compactly slice-null 

ϕ : ℱ → ℝ
ϕ−1{0}

Infinite dimensions [B., Halikias, Otto, Townsend 2026]

Its intersection with large enough finite-dimensional affine subspaces translated 
over any compact set has zero Lebesgue measure on each slice



Zero-level sets of analytic functions

Infinite dimensions [B., Halikias, Otto, Townsend 2026]

Compactly slice-null implies Gaussian measure zero

Disintegration theorem

Its intersection with large enough finite-dimensional affine subspaces translated 
over any compact set has zero Lebesgue measure on each slice

[Bogachev, 1998]

If  is non-zero and analytic then its zero-
level set  is compactly slice-null 

ϕ : ℱ → ℝ
ϕ−1{0}



Zero-level sets of analytic functions

If  is non-zero and analytic then  is compactly slice-null ϕ : ℱ → ℝ ϕ−1{0}

Infinite dimensions [B., Halikias, Otto, Townsend 2026]



Zero-one law for one-shot recovery

Theorem. [B., Halikias, Otto, Townsend 2026]

Exactly one of the following is true: 

• If  is sampled from a Gaussian measure on  then  with 

probability  (recovery is almost-surely possible) 

• All inputs are degenerate:  (recovery is impossible)

f ℱ f ∉ ℱdeg(c∗)
1

ℱdeg(c∗) = ℱ

Proof. Suppose  and construct a non-zero analytic function 

 such that 

f0 ∉ ℱdeg(c∗)
ϕ : ℱ → ℝ ℱdeg(c∗) ⊂ ϕ−1{0}

compactly slice-null



Zero-one law for one-shot recovery

Suppose  and construct a non-zero analytic function  

such that 

f0 ∉ ℱdeg(c∗) ϕ : ℱ → ℝ
ℱdeg(c∗) ⊂ ϕ−1{0}

 has rank  so we can find a basis 

 for the dual space of 

Lf0,𝒢( f0) : c ⟼
N

∑
i=1

ci𝒟i(𝒢( f0), f0) N

ψ1, …, ψN W = Range(Lf0,𝒢( f0)) ⊂ 𝒱



Zero-one law for one-shot recovery

Suppose  and construct a non-zero analytic function  

such that 

f0 ∉ ℱdeg(c∗) ϕ : ℱ → ℝ
ℱdeg(c∗) ⊂ ϕ−1{0}

 has rank  so we can find a basis 

 for the dual space of 

Lf0,𝒢( f0) : c ⟼
N

∑
i=1

ci𝒟i(𝒢( f0), f0) N

ψ1, …, ψN W = Range(Lf0,𝒢( f0)) ⊂ 𝒱

ϕ : f ⟼ det
ψ1(𝒟1(𝒢( f ), f )) ⋯ ψ1(𝒟N(𝒢( f ), f ))

⋮ ⋱ ⋮
ψN(𝒟1(𝒢( f ), f )) ⋯ ψN(𝒟N(𝒢( f ), f ))



Zero-one law for one-shot recovery

Suppose  and construct a non-zero analytic function  

such that 

f0 ∉ ℱdeg(c∗) ϕ : ℱ → ℝ
ℱdeg(c∗) ⊂ ϕ−1{0}

If  are linearly dependent then , hence 𝒟i(𝒢( f ), f ) ϕ( f ) = 0 ℱdeg(c∗) ⊂ ϕ−1{0}

ϕ : f ⟼ det
ψ1(𝒟1(𝒢( f ), f )) ⋯ ψ1(𝒟N(𝒢( f ), f ))

⋮ ⋱ ⋮
ψN(𝒟1(𝒢( f ), f )) ⋯ ψN(𝒟N(𝒢( f ), f ))



Zero-one law for one-shot recovery

Theorem. [B., Halikias, Otto, Townsend 2026]

Exactly one of the following is true: 

• If  is sampled from a Gaussian measure on  then  with 

probability  (recovery is almost-surely possible) 

• All inputs are degenerate:  (recovery is impossible)

f ℱ f ∉ ℱdeg(c∗)
1

ℱdeg(c∗) = ℱ

Proof. Suppose  and construct a non-zero analytic function 

 such that 

f0 ∉ ℱdeg(c∗)
ϕ : ℱ → ℝ ℱdeg(c∗) ⊂ ϕ−1{0}

compactly slice-null



One-shot identification algorithm



One-shot identification algorithm

Weak-SINDy 
system Gc = b

ψ1(𝒟1(u, f )) ⋯ ψ1(𝒟N(u, f ))
⋮ ⋱ ⋮

ψN(𝒟1(u, f )) ⋯ ψN(𝒟N(u, f ))

c1
⋮
cN

=
ψ1(𝒟0(u, f ))

⋮
ψN(𝒟0(u, f ))

Identify redundant 
dictionary terms



Analytic systems identification



Examples of analytic systems identification

1.  Matrix recovery

One seeks a linearly parametrized matrix

u = Af =
N

∑
i=1

c∗
i Ai f

[Halikias & Townsend 2024]

Corollary. [B., Halikias, Otto, Townsend 2026]

Sketch  and  with  and  Gaussian vectors, 
then exactly one of the following is true: 

• Recovery is almost-surely possible 

• All inputs are degenerate (recovery is impossible)

A A∗ p q



Examples of analytic systems identification

2.  Dynamical systems

One seeks an ordinary differential equation

·u(t) =
N

∑
i=1

c∗
i Di(t, u, f )

u(0) = f0

Corollary. [B., Halikias, Otto, Townsend 2026]

Exactly one of the following is true: 

• If  is sampled from a Gaussian measure then 
recovery is almost-surely possible 

• All inputs are degenerate (recovery is impossible)

( f0, f )



Examples of analytic systems identification

3.  Boundary value problems

One seeks a partial differential equation

If the dictionary functions depends on  and partial derivatives of  (e.g., , )x u x2 uxuyy

N

∑
i=1

c∗
i 𝒟i(u) = f

Corollary. [B., Halikias, Otto, Townsend 2026]

If  is sampled from a Gaussian measure then recovery is almost-surely 
possible

f

In this case, one can construct a non-degenerate input f0



A posteriori certification 

Theorem. [B., Halikias, Otto, Townsend 2026]

Exactly one of the following is true: 

• If  is sampled from a Gaussian measure on  then recovery is almost-
surely possible 

• All inputs are degenerate (recovery is impossible)

f ℱ

• Observe the response  to a random Gaussian input  

• Evaluate the dictionary terms  through test functionals  

• If the determinant of  is non-zero then recovery is almost-surely 

possible

u f

𝒟i(u, f ) ψ1, …ψN : 𝒱 → ℝ

(ψi(𝒟j(u, f ))i,j



Numerical example: Hopf normal form

 ·x1 = − x2 − α(r2 − 1)x1
·x2 = x1 − α(r2 − 1)x2

Recovery system

κ(Θ)



Numerical example: Hopf normal form

→1.5 →1 →0.5 0 0.5 1 1.5
→1.5

→1

→0.5

0

0.5
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1.5

x1(0)

x
2
(0
)

100

101

102

103

104

105

 ·x1 = − x2 − α(r2 − 1)x1
·x2 = x1 − α(r2 − 1)x2

When , the model is not unique and the 
system is ill-conditioned:

r = 1
·x1 = − x2, ·x2 = − x1

Recovery system

κ(Θ)



Numerical example: Lorenz system

·x = σ(y − x)
·y = x(ρ − z) − y
·z = xy − βz

Training Testing



1. Zero-one law for system identification

Conclusions

“One-shot recovery is either almost surely possible or never possible”



1. Zero-one law for system identification 

2. Sample complexity guarantees for matrices, ODEs, PDEs

Conclusions

“One-shot recovery is either almost surely possible or never possible”



1. Zero-one law for system identification 

2. Sample complexity guarantees for matrices, ODEs, PDEs 

3. Explicit structure of degenerate input sets

Conclusions

“One-shot recovery is either almost surely possible or never possible”

B., Halikias, Otto, Townsend, ‘‘A zero-one law for one-shot system identification’’, arXiv preprint, 2026.


