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Scientific machine learning

[Baker et al., DOE Tech. Report, 2019]

Combining numerical analysis and machine learning for scientific discoveries.

[Karniadakis et al., 2021]



Recent applications of SciML

Weather forecasting

[Lam et al., Science, 2023]

Protein folding

[Jumper et al., Nature, 2021]

[Raissi, Yazdani, Karniadakis, Science, 2020]

Numerical simulations Materials discovery

[Merchant et al., Nature, 2023]



Three areas to rule them all

[Cai et al., 2021]



PDE solvers and SciML

Physics-informed neural networks (PINNs)

[Karniadakis et al., 2021]

Aim: Approximate the solution to a given PDE by a neural network                     

Advantages

• Easy to implement 

• Can be embedded into downstream 
applications 

• Works better for high-dimensional 
problems?

George Karniadakis

Related works: [Han et al, 2018], [Raissi et al., 2018], [Sirignano, Spiliopoulos, 2018], [Karniadakis et al., 2021], [Lu et al., 2021], [Cai et al., 
2022] 



PDE Discovery and SciML

Steven Brunton

Nathan Kutz
[Brunton et al, 2016]

Related works: [Brunto et al., 2016], [Rudy et al., 2017], [Champion et al, 2019], [Udrescu, Tegmark, 2020], [Udrescu et al., 2020], [Liu, Tegmark, 
2021]

Sparse Identification of Nonlinear Dynamics (SINDy)



Operator learning

[Cai et al., 2021]

Recent surveys:  
• B., Townsend, ‘‘A Mathematical Guide to Operator Learning’’, 2024. 
• Kovachki, Lanthaler, Stuart, ‘‘Operator Learning: Algorithms and Analysis’’, 2024.



Introduction to operator learning

Learn

Aim: Approximate solution operators of unknown PDEs                       
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Learn Evaluate

DeepONet

[Quanta Magazine; Lu et al, 2021] [Quanta Magazine; Li et al, 2020]

Fourier Neural Operator DeepGreen

[Gin et al., 2020]

Introduction to operator learning

Aim: Approximate solution operators of unknown PDEs                       



1. Theoretical results
• Type and number of training data 

• Performance guarantees 

• Neural network architectures 

• Noise robustness

Main challenges in operator learning



1. Theoretical results 

2. Interpretability of the model

[Li et al, 2020]

• Dominant modes 

• Symmetries 

• Conservation laws 

• Singularities

• Type and number of training data 

• Performance guarantees 

• Neural network architectures 

• Noise robustness

Main challenges in operator learning



Operator learning and approximation theory

Density result for neural operators:

[Chen, Chen, 1995], [Lu et al., 2021]

Neural network results: [Cybenko, 1989], [Hornik et al., 1989], [Hornik, 1991], [Maioro, Pinkus, 1999], [Lu et al., 2017], [Kidger et al., 2020]



Operator learning and approximation theory

Entropy / asymptotic result for neural operators:

Related works: [Telgarsky, 2016], [Yarotsky, 2017], [Lanthaler et al., 2022], [Kovachki et al., 2023], [Lanthaler et al., 2023], [Lanthaler, Stuart, 
2024]  

Andrew StuartSamuel Lanthaler[Lanthaler, Stuart, 2024] 

Recent surveys:  
• DeVore, Hanin, Petrova, ‘‘Neural network approximation’’, 2021. 
• Kovachki, Lanthaler, Stuart, ‘‘Operator Learning: Algorithms and Analysis’’, 2024.



Operator learning and discretization errors

Resolution invariance / super-resolution:

Sid Mishra

[Bartolucci et al., 2023]

Neural operators can be trained at low-
resolution and evaluated at high-resolution

Related works: [Li et al., 2020], [Bartolucci et al., 2023], [Kovachki et al., 2023], [Raonic et al., 2023]



Operator learning and numerical linear algebra

Neural operators can be defined as compositions of integral operators and 
nonlinear activation functions:



Operator learning and numerical linear algebra

Neural operators can be defined as compositions of integral operators and 
nonlinear activation functions:

Properties of the unknown PDE and neural operator architectures are related to 
structured matrix recovery problems:



Operator learning and numerical linear algebra

Operator learning motivates numerical linear algebra research on matrix 
recovery problems and infinite-dimensional NLA.

Class of PDE Solution operator property Matrix structure

Diana Halikias

[Halikias, Townsend, 2024]

Related works: [Lin et al., 2011], [Gittens, Mahoney, 2016], [Martinsson, 2016], [Tropp et al., 2017], [Nakatsukasa, 2020], [Sun et al., 2021], 
[Persson et al., 2022], [Cortinovis, Kressner, 2022], [B., Halikias, Otto, Townsend, 2024], [Amsel et al., 2024], ...

Alex Townsend



Operator learning and sample complexity

Related works: [B., Townsend, 2022], [B. et al., 2022], [Chen et al., 2023], [de Hoop et al., 2021], [Lu et al., 2021], [Schäfer, Owhadi, 2021], 
[Schäfer et al., 2017]

Learn the solution operator of Poisson equation Random source Solution

How much training data is needed 
to learn a PDE?



Green’s functions

Linear differential equation:



Green’s functions

Poisson equation

Linear differential equation:



Green’s functions

Poisson equation

Linear differential equation:

Helmholtz equation



Learning Green’s functions of elliptic PDEs

Elliptic PDEs in 3D of the form:

The proof combines core techniques in numerical linear algebra and generalizes 
them to infinite dimensions: randomized SVD + hierarchical matrices.

Theorem (B., Halikias, Townsend, 2023).

There is a randomized algorithm that achieves exponential convergence for learning 
the Green’s function with respect to the number of pairs             with high probability of 
success. 

B., Halikias, Townsend, ‘‘Elliptic PDE learning is provably data-efficient’’, PNAS, 2023.



Randomized singular value decomposition

Best rank k approximation

Eckart-Young theorem



Randomized singular value decomposition

Best rank k approximation

Eckart-Young theorem

[Halko, Martinsson, Tropp, 2011], [Martinsson, Tropp, 2020]



Theorem (Halko, Martinsson, Tropp, 2011).
We can construct an approximation  of  from k+5 
random input vectors such that
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[B., Townsend, 2022]

Randomized SVD in infinite-dimensions
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Theorem (B., Townsend, 2022).
We can construct an approximation  of  from k+5 
random input functions such that

𝐺𝑘 𝐺
𝑓 

[B., Townsend, 2022]

Randomized SVD in infinite-dimensions

 contains the tail of the singular values of .𝜖𝑘 𝐺



Randomized SVD for Green’s functions
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Theorem (B., Townsend, 2022).
We can construct an approximation  of  from k+5 
random input functions such that

𝐺𝑘 𝐺
𝑓 

Green’s function

The Green’s functions are not smooth 
near the diagonal.

 decays very 
slowly with k
𝜖𝑘

Problem:

Randomized SVD for Green’s functions



Low-rank structure

Low-rank structure on well 
separated domains. 
[Bebendorf, Hackbush, 2003]
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Low-rank structure

Low-rank structure on well 
separated domains. 
[Bebendorf, Hackbush, 2003]
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Hierarchical reconstruction
Randomized SVD on each subdomain
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Hierarchical reconstruction

Hierarchical structure

Level 2 Level 4Level 3
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Green’s functions are smooth and 
decay off the diagonal. [Grüter, Widman, 1982]
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Summary of the result

Hierarchical structure

Level 2 Level 4Level 3

Randomized SVD

Theorem (B., Halikias, Townsend, 2023).

There is a randomized algorithm that achieves exponential convergence for learning 
the Green’s function with respect to the number of pairs             with high probability of 
success. 



Towards multi-scale architectures

Bouziani & B., “Structure-preserving operator learning”, arXiv:2410.01065, 2024.

Nacime Bouziani

- Finite element encoder / decoder 

- Structure-preserving discretization 

- Multigrid-based processor 



Towards multi-level training

Rowbottom, Fresca, Lio, Schonlieb, B., “Multi-Level Monte Carlo Training of Neural Operators”, CMAME, 2026.

James Rowbottom

Multi-Level Monte-Carlo approach for training neural operators

Stefania Fresca

Neural operator

Input Output

MLMC optimization
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1. Choice of neural operator architectures

Conclusions
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1. Choice of neural operator architectures 

2. Theoretical understanding 

3. Interpretability in operator learning

Conclusions


