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= Supervised learning: Learn a unknown
conditional distribution f(y|x) from pairs
of data (Y, Xj).

= Unsupervised learning: Learn a
unknown distribution f(x) from data X;.

= Generative learning: Learn how to
generate new samples from a unknown

distribution f(x) on the basis of data
X; ~ f(x).
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From NVIDEA Style GAN, thispersondoesnotexist.com, Karras, Laine, Alia 2018
= Challenge: X; € RY is high dimensional, d ~ 10°.

= X; could be images, a text messages, spoken language. ..
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= Sampling from (log-) densities with MCMC is feasible, but need a density
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Taxonomy of Generative Learning
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Adversarial Learning Avoids Representing a Density

= Suppose X; ~ u, u probability mesure on [0, 1]
= Transform noise U; ~ \@ with generator ¢ : [0,1]? — [0, 1]

¢*/\(d) =\Dop 1 n y

» 5 AD(A) = M9 (p~1(A)) is the image measure of the noise measure under ¢.

= Learn ¢ in some hypothesis space H from the data X;
= # might be high but finite dimensional - e.g. Neural Networks
= Or infinite dimensional, e.g. Hélder space C<([0,1]¢, RY).
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Assumptions and Existence of a Generator in Holder Speces

= 1, has a density wrt the Lebesgue measure on [0, 1]¢
dp(x) = f(x) dA@(x)

= f(x) is a Ck>([0,1]¢, R) Holder function
= f(x) > >0o0nJ0,1
Theorem (Realizability):
(i) There exists a function ¢ € C*(]0, 1], RY) such that

0 A9 = 11

(ii) [| @l k.o (0,170, rey DOUNded in terms of ||f]|ce.a (o, 1j¢,%) @nd e.
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Flow maps

= Want to realize ¢ as a flow endpoint w.r.t a vector field v(x, t),

(ﬁt(x) - V(¢(X)7t)7 o= ¢'|

» Does a suitable v(x, t) exist?
= Transport equation

Oifi(x) = =V - (v(x,)ft(x)), fo(x) =F,(x), fi(x)=Fu.(x) (1)
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Beckmann Problem

= Model the influx w(x) = v(x, t)f;(x) time independent such that
-V-wkx)=f.,(x)-f,(x), x€Q, n-w=0, xecd. (M

w(x
fi(x)

=

= Then from the continuity equation for v(x,t) =
Ofi(x) = =V -wx) =f,(x) —f,(x) = fi(x)=1tf,(x)—(1-1)f,(x)
= Beckmann'’s problem:

%/ |w|?dx — min  under constraints (1)
Q
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Unresticted Beckmann Problem
= Introduce Lagrangian multipliers u € C'(,R), u(x) = 0 on 9Q, v € C(09Q),f = f, — fv

L(w,u,v):;/Q|w|2dx+/ﬂ(V~w+f)udx+/mn~(wv)dA

= Optimality conditions

%E(w,u,v):o = n-w=0 on 09, %E(w,u,v):o = V-w+f=0o0nQ

i,/;(w,u,v):O = —Vu=won Q
ow

H.Gottschalk  Statistical GenL  9/56 MATH+



Solution of the Optimality Conditions

= U: Q — R fulfills Poisson equation with zero Neumann boundary conditions
Au=fon Q Vu-n=0 on 0Q

= Weak formulation not coercive, but fulfills condition for Fredholm alternative with

g==0
/fdx— gdA:/fH—fde:O.
Q Q Q

= Classical solution exists (Nadri 2015).
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Schauder Estimates

Theorem (Riedlinger, G. 2026)
» U € CK1o(Q,R) (Schauder estimates, Agmon, Douglis, Nirenberg 59)
= w € Ck1o(Q,RY)
= v € Ch(Q x [0,1],RY) (Asatryan et al, 2023)
= ¢ € CR)(Q x [0,1],Q)

Transport map is regular and can be well approximated by Neural Networks,
(Yarotzky 2017 for ReLu NN, Belomnestny et al 2022 for ReQu NN).

= Extensions for parametric Beckmann problems are possible.
= Of importance for conditional (‘promptable’) generative learning.
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The Need for Adversarial Learning

= We want to estimate ¢o with ¢ € # based on data X1, .. ., X, with Hypothesis space
H={o:¢,07" €C(0,1%[0,1%): [d]cke, |67 lore <K}
= Standard procedure: compute computationally infeasible!
fs(x) = IDo| "0 ¢~ (x) = [Do~(x)|

= Determine the neg log-Likelihood L, = —1 ZJ o log f4(X;) and the ERM/MLE
b= arg min ¢, L¢
= Use the error decomposition and the ULLN with L, = E[L,]

ol (4N < -infsher {fiHDY +-sup-Er—E+ 2 sup [L, — Ly| = 0 Unif. LLN
peH peEM pEM
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Generative Adversarial Learning

Discriminator 3
g
&3

= Min-Max two player game ¢ € arg min,e,, sup L(4,D, {X;})
DeHp

» With Xj ~ p, U; ~ A9, the empirical loss is defined as
L(¢,D,{X}) = Z[Iog ) +log(1— D(4(U))]
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The Kulback-Leibler-Divergence

Definition
s p << v e v(A)=0= pu(A)=0.
» < v=p=2v,Z>0,Z=L"(v)Radon-Nikodyn derivative
du
Z= 9
= KL-divergence for y < v

() = [ 1 (G) dv. £ = tiog(t

» Else dg (p]lv) = o0
Theorem:
dgr (pe]|v) > 0 with equality iff = v.
Proof: Apply Jensen'’s inequality and use that f is strictly convex.
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Empirical and Theoretical Loss in Adv. Learning

Theorem (Goodfellow et al 2014):
(i) The expected loss

L(#:D.{X}) = ExeuulL(¢: D, {X;})]
is maximized by Dy = ()% provided this is realizable in Hp;
(i)

(d)
L(¢,Dy,{Xj}) = {dKL < ‘ P 7 +'u> + dye (qb*)\(d)

+log(2) = ds (1l A®) + log(2).

mM@+u)
2
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Empirical and Theoretical Loss in Adv. Learning

Theorem (Goodfellow et al 2014):
(i) The expected loss .
L(¢,D,{X;}) = Exj~p[L(9, D, {X})]
is maximized by Dy = ()% provided this is realizable in Hp;
(ii)
A + 1
2

L(¢, Dy, {X;}) = {dm_ (M HW) + dke (¢*A(d)
+log(2) = ds (1l A®) + log(2).
= A discriminator hypothesis space, s.t. D is feasible, is given by
Dy.or € Hp = {D € C*([0,70% [0,1)), IDllce. <K'} Vo,0' € H.

for K’ suff. large.
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proof

= (i) Write out the theoretical loss (under the assumption that densities f,, and f;; exist

Ex~pulL (6, D, {X;})] = /['0g(D)fu +log(1— D)fy] dx

= Maximize the expressions in [...] for ebvery x in D(x) to achieve form of
- fu®
Ds(¥) = r+00-
fu(x) 2f,.(x)
N4 7

= (ii) Insert a factor 2 in 1 y and correct with a — log(2).
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Error Decomposition for Generative Adversarial Learning

= Asatryan, G., Lippert, Rottmann (2020), Biau, Cadre, Sangnier, Tanielian (2020)

alus (]| A @)

L(¢,D;) — log(2)

IN

IN
—>

< L(00.5) + 250p L(3.D;) ~ £(3.D;)| ~ log(2)

< L(¢0. Dy, ) + 25(;5 IL(6,D;5) — L($,Dyg)| — log(2)

= dgs{rttoo™ ) + 2sup |L(,D;) — L(#,D4)| = 0 (ULLN)
¢,D
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Details on the Usage of the Uniform Law of Large Numbers

Have to show that L(¢,D, {X,}) # and #p, fulfill the requirements of the ULLN
Problem # and H;, are not compact in the Ck-*-topology. ..
...butin the L>-topology.

As [(¢,D,{X,}) is uniformly bounded (since f(x) > ¢ by assumption) and continuous
in the L*°-topology, we obtain:

Theorem (Asatyan, G. Lippert, Rottmann 2020)

Generative adversarial learning on (bounded subsets of) Holder spaces is consistent, i.e.
almost surely finds a correct generator ¢q in the large sample limit.
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The Empirical Loss as Subgaussian Process

L4(¢,D, {X;}) is uniformly bounded and || - ||-Lipshitz in (¢,D) € # x Hp with Lipshitz
constant C,

By Hoeffding’s inequality, [1(¢>, D,{X;}) is a subgaussian process with variance proxy
2=CPll-1%/4

o L oS

By Dudley’s inequality

Elds(pl|$.AD)] < 2B[sup IL($,Dg) = L(&,D,)]

C o0
< — log N oo, €) de.
<= [ Viog NG Hp T o)

l.e. the expected Jensen-Shannon distance between the learned mesure ¢, A9 and
the true meaure 1 converges to 0
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Covering Numbers and Chaining for Holder Spaces

= It remains to show that the metric entropy integral is finite.

/ I0g NOH % Hp, || s 2) de < oo
0

= For the covering numbers of Holder spaces we know (van der Vaart/Wellner 1996)

o =5
08 NBor (K. |- [o2) < ()

= This the metric entropy integral converges, for high regularity d/(k + «) < 2.
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Further Results Based on Concentration Inequalities

Theorem (Asatryan, G., Lippert Rottmann 2020):
LetK = log” n grow sufficiently slow and ¢, D be esiimated from #x and #p «. Then al-

most surely for all but finitely many n we have

. log(n)*F(@+)

d ANy <=
ss(pll@A'?) < Cs N
= Proof: Combine Dudley’s inequalty with MC Diarmid’s concentration inequality
Z(¢,D) = sup|L(,D;) — L(.Dy))|
¢,D
- E[S;[F; IL(¢,Dg) — L(,D4)]

= = For some ¢ > 0 P(sup,, p Z(¢,D) > 6) < e~"9/¢ [

Better rates recently announced by Belomestny et al. 2021.
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Turbulence in Fluid Dynamics

= Turbulent flow is chaotic by nature

= Computational Fluid Dynamics (CFD): Simulation of
turbulences by numerically solving Navier-Stokes equations:

@—FV-(/)U):O

ot
0
(6/);1)+V-[pu®u]:—Vp+V-T+pf
9(pe)

En +V-((pe+pu)=V-(r-u)+pf-u+V-q+r

= But: Turbulent flow develops ever smaller and faster structures which are hard to
resolve numerically
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Simulation of Turbulence

+————— Reynolds Averaged Navier Stokes

Jd o

3
Increasing Complexity : Increasing Model Size : Increasing Solution Time : Increasing Accuracy

Comparison of turbulence modeling approaches. Source: (J. Hart 2016)

= Modeling turbulences challenging in practice but highly technical relevant
= LES/DNS: Simulation of large or even all scales of turbulence but:
Enormous computational costs

= RANS/URANS: Struggle in simulation of fine details in vortex flow but:
Computational costs are sustainable = mostly used in industry
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Ergodicity: What Does “Chaotic” Actually Mean?

= Vortices always look different but in the long run their statistical properties are
determined (ergodicty):

T—o0

)
lim % /0 o pi(xo) dt = /Q F(x) du(x) ¥xo € Q. @)

= The time average of a dynamical system equates with the ensemble average of its
invariant measure.

= Probability measure ;. on the flow configurations x encodes the statistical properties
of the chaotic flow/dynamics ¢(xo)

= Goal: Sampling from the unknown measure . = Can we learn ;. from data?
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Modeling Turbulence by Generative Adversarial Networks

Our contribution:
= GANSs as another possibility to model turbulence
= Proof that GANs do converge for ergodic learning problems
Generation of images that are as good as the output of the LES while requiring
significantly less computation effort
Numerical demonstration of generalization over changes in geometry
Proof that physical quantities that characterize turbulence converge
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Changing the Data Model from i.i.d. to Ergodic Data

= Theorem (Drygala, Winhardt, di Mare, G. 2021) Consider the Min-Max two player
game for ergodic data

b€ arg minyeq, SUp L7(¢,D,x0.{U;})
DeHp

= with xo € [0,1]9, U; ~ A9, the empirical loss for ergodic flow is defined as

. 1 /7 1
Lr(6.0.063) = 57 [ toa(D(axo)) dt + 5 Y log(1 = D(6(U))
j=1

= Then the error decomposition of the previous theorem still holds and ¢, \(@ —  a.s.
in JS-divergence.

= Proof: Use uniform ergodicity instead of ULLN ]
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Lorenz Attractor

= Less complex deterministic ergodic
system given by the system of ordinary
differential equations

dx

g V=X
dy

dt =x(p—2)—y
dz

G oz

with o =10, 3 = § and p = 28.
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Real-world
images X

Real
sample
Xex

Random Generator ¢
vector Z (NN)

Fake

M sample

#(2)

Discriminator D
(NN)

= Vanilla GAN for 200 000 epochs with batch size 20 000

= Trajectory started per epoch from randomly sampled initial point (xg, o, Zo)
= Gaussian noise added to the network of discriminator and its real input data

= ¢ and D (deep) fully connected neural networks

= Ue R U~ U0,1)

H. Gottschalk Statistical GenL 28/56



Trajectory consisting of 20 000 data points (red) and 3 000 synthesized data points (blue)
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H. Gottschalk

Rotated perspective from the trajectory of real data points (red) and the synthesized data pointg (blue).
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Karman Vortex Street - Data

= Dataset: 5,000 images produced by LES
= Images: w x h =1,000 x 600

@

Example of the dataset.
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Karman Vortex Street - Training and Inference |

Training
= GAN frameworks:

« Vanilla GAN
+ Wasserstein GAN

+ Deep convolutional GAN P
. I_Real-world ol
n EpOChS. 200 images X' o >
Real

= Batch size: 20 "‘“”g;‘,j;‘”” :
] |npUt: —— Generator ¢ Fake Fake
+ 5,000 LES images ORI Y
+ Image size: k x k,
k € {64,128,256,512}
* Noise vector
Z e R 7~ N(0,1)
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Inference
= Trained generator ¢

= |nput: Noise vector
Z c R 7 ~ N(0,1)
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Karman Vortex Street - Vanilla GAN

LES image Fake image

Experiment settings:
= Architecture of ¢ and D: Fully connected NN with 5 layers
= Optimizer: Adam
= Learningrate: 2-10~*#
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Real-world
images X

Random
vector Z

Generator ¢
(CNN)

Real
sample
XeXx )
Real
Discriminator D [ ]
(CNN) Y
Fake Fake |
3 sample
#(2)
Architecture of DCGAN.

= Generator and discriminator are convolutional neural networks (CNNs)
= CNNs expecially successful and applicable in field of image processing

H. Gottschalk
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Deep Convolutional Generative Adversarial Network ||

Guidelines to follow for stable training at higher resolution and deeper architectures:
= Stability: Apply batch normalization on the output layer of ¢ and the input layer of D
= Deeper architectures: Avoid fully-connected layers on top of convolutional features
= Higher resolution modeling: Leaky Rectified Linear Unit (ReLu) activation function for D

= ¢ and D learn own spatial up- or downsampling by by replacing deterministic spatial pooling
layers with (fractional-) strided atrous convolutions (Radfort et al 2016)
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Karman Vortex Street - Inference results after 2,000 Epochs
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Karman Vortex Street - Inference results after 2,000 Epochs

Comparison of LES (top) and fake images (bottom) produced by generator ¢ trained for 2 000 epochs.

H.Gottschalk  Statistical GenlL. 38 /56 MATH+



LPT Stator Under Periodic Wake Impact (LPT Stator) - Data

= Dataset: 2,250 images produced by LES
= Images: w x h = 1,000 x 625

Example of the dataset.
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LPT Stator - DCGAN: Inference Results after 2,000 Epochs Il

LES image Fake image
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Random
vector Z

= Take control over the data production process by conditioning GAN framework

Real-world
images X'

Generator ¢

Real
sample
XeX,

X|n

Real
Discriminator D [ )
(NN) ®
Fake |

(NN)

= Extension of loss function:
Leond(D, ) = E x-s [log(D(X|n))] + Ezn [log(1— D(¢(Z|m)))]
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/

LES image Binary segmentation mask
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High-Resolution Image Synthesis with Conditional GANs

= Special form of cGAN

= Generation of high-resolution photo-realistic images by conditioning the input of the
adversarial network on the corresponding semantic label maps

= Based on its former version pix2pix whose optimization problem is given as

md:n m[?x Econd(Da ¢) (4)
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High-Resolution Image Synthesis via a Multi Scale Approach

= Introduction of three innovations for improvement of photorealism and resolution of
the synthesized images:

1. Coarse-to-fine generator: Decomposition of the generator into two sub-networks

= ¢ = {¢1, 92}
2. Multi-scale discriminators: Three discriminators D1, D, and D3 with same
architecture but operating on different scales = Modification of loss function:

m|n max Zﬁcond ¢, Dj) (5)

D1,D4,D3

3. Feature matching loss Lgy: Stabilize training
= Loss function in total:

3
m'n [<D1%3§3Z£cond ¢,D ) +’Y;£FM(¢7DI)‘| (6)
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Architecture: Adopted from original

authors with small changes to avoid grmmmmmmmmmsmmene- o
artifacts E Additional information i *

= Epochs: 200 e oo ’

= Batch size: 10

= |nput: 2,000 LES images, noise vector Fake
and masks of size k x k' = 992 x 624 Randomb— *any | semte

= Optimizer: Adam

= Learning rate: 2- 104 Inference
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LPT Stator - Inference Results |

LES image
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LPT Stator - Results |l

LES image
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LPT Stator - Results Il

LES image
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LPT Stator - Results IV

LES image
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Computational Costs

» LES:
+ Performed on 560 CPU cores of the CPU type Intel Xeon "Skylake" Gold 6132 @2.6 GHz
+ Karman vortex street (5 000 images): 72 core weeks = 1 days
+ LPT Stator (2250 images): 640 core weeks = 8 days

» GAN-Training:
+ Performed on GPU of type Quadro RTX 8000 with 48 GB
+ Karman vortex street (DCGAN, 2 000 epochs): 1.5 min/epoch
« LPT Stator (pix2pixHD, 200 epochs): 17 min/epoch

» GAN-Inference:
+ Performed on GPU of type Quadro RTX 8000 with 48 GB
+ Karman vortex street (DCGAN): 0.001 sec/image = 5 seconds
+ LPT Stator (pix2pixHD): 0.01 sec/image = 22.5 seconds
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= Repeat experiment with 5% of the images ommited around specific wake position
= During inference, position the wake at exactly the middle of that position
= results demonstrates generatization capability over unseen changes in geometry
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— LES
0.5 4 ——- GAN
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= Measure strength of turbulence (variation of ¢ = |u| as a function of ¢

Varlc(6)] = lim / T le(e.t) — ()Pt

T—ooo T
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Estimation of Physical Quantities

= All statistical physical quantities of the turbulenmt flow can be expressen through

evaluation of functionals W(x) and averaging
W = Exou[W(X)]

= We can assume that W(x) is bounded on [0, 1]9.
= We estimate ¥ by ¥

W -0 <C sup
lwr(i<1

/ W dp — / v dp A9
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Convergence of Physical Quantities

= Proposition (Drygala, Winhard, di Mare, G. 2021):
W—V¥| -0 as n— oo

= Proof: Enough to show: ||z — ¢ A@||ry — 0.
= We obtain with 2 = ¢, \(@, triangular and Pinsker’s inequality

B +HM_M+ﬁ
2 TV 2 TV

p+ p+
7)o (o)1)

+ f + A p
112M> + 0kL <M HMZH> = 2y/oys(fil|p) — 0.

I = pllav < Hé*w) -
< \/ZUKL (ﬂ
< 2\/0KL (ﬂ
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Summary

Hw DN

Theory of Generative Adversarial Learning can be understood in the framework of SLT
The (remaining) practical problems of GAN can be better understood as violations of
assumptions

Synthetic data potantially can help tasks like automated driving (but beware the
remaining domain gap)

Generative learning can be useful for applications beyond speech generation and
computer vision

Further data models, like deterministic chaos, can be combined with generative
adversarial learning.
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