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0. PfEliminal’ies Techniscf.lle

® M (R?%) Banach space of (signed) o-additive Borel measures on R® with total variation
norm

lullry o= |ul(RY)  where |u|(A) := sup D (AR

* M(RY) is dual space of Cy(R?), i.e. Co(RY) = M(R?)

TV = Ssu ; , Az, = x) du(x
lnllry = swp_ Il G = [ (@) du)

and (tn, )y converges weak-* to a measure o if

lim [ @ du, = /cp du forall ¢ € C'O(Rd)

n—oo

® P(R?) set of probability measures on R?

- probability measures (), do in general not weak-* converge a probability measure
e.g. U, = O, converges weak-*to u =0

- probability measures (), converges narrowly /weakly to a (probability) measure o if

lim | @ du, = /go du forall ¢ € Cb(Rd)

n— oo

- TV-distance || — v|| between p, v € P(R?) with disjoint support is always 2
=> need another distance!
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Example

1. Atomic measures: Let §,, © € R be defined by

o 1 ifx e A,
0.(A) = { 0 otherwise ,

and
n n n
po= D> ey, lplloy =D 0wkl =D pe =1
k=1 k=1 k=1
.+" , v'
¢ w, °
] +.+ + s T '
® o Vv
V"_ s 4 ¢

Is the 'cross’ measure or the 'triangle’ measure nearer to the 'dot’ measure?

2. Absolutely continuous measures: with respect to the Lebesgue measure u << A, i.e.

AMA)=0 = pu(A)=0forall Ae BRY.
Then the Radon-Nikodym derivative p € L;(R?) exists, du = p dz and

lullzy = [ | Ipu@)] do. 1ul(4) = [ pue) da

Technische
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Push-Forward Measures Technische

# Borel-measurable map 7' : R — R", u € P(RY)
The push-forward measure of p by T is the measure v € P (R"™ defined by
v="Tun=po 7!

with the preimage T *(A) of A € B(R")

¢ f:R"™ — Ris integrable with respect to Ty if f o T is integrable with respect to p and
[ 1w dTuww = [ £ (T@) duta)
R T—1(R")
¢ if T:RY— R%is a C diffeomorphism and p has density p, then

/ F(y) d(Tup) (y) = / F(T(2)p(z) do

= /f(y) p(T " (y))1det (VT ()| dy



http://www.mathematik.uni-kl.de/~steidl

Exa mple Technische

Level lines of the normalized Gaussian density

Let

and

Then
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DiSil‘ltegratiOl‘l Technische

¢ (Q, A, P) probability space, X : Q — R random variable
law of X: Px = XyPP

¢ Joint distribution
™= Px,yv)= Px|y=y Xy Px = Py|x=¢ Xz Px

with disintegration
/ flx,y) dPxyy(z,y) = / f(x,y) dPx|y—y(z) dPy(y).
Rd x R4 Rd JRd

¢ Addition of independent random variables
X; = (1—t)X()—|—tX1, t € (O, 1)

having laws with densities gives

_ 1 1
Px; — 1_th0 x ?le
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I.].. MOtivatiOn Techm'scf.l.e '

Aim: Sampling from a probability distribution fitarger (target distribution) given:
® some samples (oft many = data hungry)

® probability density function px(x) = exp(—(x))/C (Boltzmann density)
with or without normalizing factor C

~

* L
* &
d=2

Q&

R0 MM &N
wiW-s LG 0D Lo
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]

Sl SRR P
N pP=-Dd O
PO L~ N
-

o Ly By

It is only easy to sample from pijaent (latent distribution)
¢ 1d distributions (cdf)
® d > 1 uniform or Gaussian "friendly” distributions

Refs: 1. J. Chemseddine, C. Wald, R. Duong, St: Neural sampling from Boltzmann densities: Fisher-Rao curves in the Wasserstein
geometry, ICLR 2025

2. Ch. Duan, Y. Jiao, St, Ch. Wald, J. Zh. Yang, and R. Zhang: Sampling via stochastic interpolants by Langevin-based velocity and
initialization estimation in flow ODEs, ArXiv 2026

3. Ch. Duan, J. Hertrich, St: Sampling via Wasserstein-Fisher-Rao JKO Scheme to appear
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Flow Based Generative Models remiscre l

Idea: Learn a curve iy : [0, 1] — Po(RY) from fyatent to target

Basic methods:

® flow matching FM, stochastic interpolants (Lipman et al. 2022/23, Liu et al. 2022/23,
Albergo/vanEijnden 2023)

® score-based diffusion models (Sohl-Dickstein 2015; Song/Ermon et al. 2019)

x x x
X x W x x x
x . x = 'l:xf-‘ x 5w T iy X
iy N SRR, T
x X R P X R TAEEl Axe
gt e #
P e k18

Single trajectory of flow matching model trained on cat images, d = 256
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Work on Generative Models related to Chemnitz Technische

Refs: 1. Teuber, St., Gwosdek, Schmaltz, Weickert: Dithering by diff. of convex functions, SIIMS 2011,
2. Graf, Potts, St.: SISC 2012,

3. Ehler, Graf, Neumayer, St., FOCM 2021
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1.2 Absolutely Continuous Curves Techn.-sche'

¢ A function v : [a,b] = I — R is absolutely continuous iff there exits g € L1 (I) such that

t
1(®) = 1(s)+ [ 9(r) ar
Such function = is a.e. differentiable has the slope (smallest g)

Yt +h) — (1))
A

/ .
=1
[7[(¢) = lim

® Acurvey = (fyk)gzl : I — R% s absolutely continuous if each component vz : I — Riis

NN

® Acurve v : I — X in a complete metric space (X, d) is absolutely continuous, iff there
exists g € L1(I) such that

d(y(t), v(s)) S/ g(r) dr for s<t, s,t€el.

Then there exists a.e. the metric derivative (speed)

d(v(t + h),v(t))
I '

/ .
=1
[7'[(¢) = lim
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Absolutely Continuous Curves in Wasserstein Spaces

We are interested in the metric space (X, d) = (Po(R%), W>).

Pa(®Y) = { e PRY: [ 1ol aute) < oo

Wasserstein-2-distance is given by

Wiw)= it [ o=y dn(ay)
mell(p,v) JRdxRd

Task: Learn a curve pi; : I — Po(R?) from fijatent tO fhrarget

Courtesy: S. Martin

Refs: 1. Ambrosio, Savaré, Gigli. Gradient Flows: In Metric Spaces and in the Space of Probability Measures, 2005

2. Jordan, Kinderlehrer, Otto: The variational formulation of the Fokker-Planck equation, 1998

Technische
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Absolutely Continuous Curves in Wasserstein Spaces Techn.-sche'

Eulerian view: A narrowly continuous curve p; : [0, 1] — Po(R?) is absolutely
continuous, if there exists a Borel measurable vector field v : I x R% — R4 with

Vel Ly(ur) € L1([0,1]) such that (p,vs); satisfy the continuity equation
8t,ut -+ diV(/Lt’Ut) =0

Lagrangian view: For sufficiently smooth velocity fields, here exists a unique
solution @ : [0,1] x R? — R? of the ODE

0P (t,x) = v (P(t,z)), P0,z)==x
and ®(t, -)ypi0 = po © (¢, )~ = puy.

All you need is v; |

® |earning: Flow Matching learns such a velocity field vY by a neural network

¢ Sampling/Inference: Solve ODE with v¢ by your favorite numerical solver

starting in a sample & ~ Ljatent = U0
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Euler versus Lagrangian

Intensity preserving flow: Io(x) = I:(P(x)) = I(t, Pr(x))

Differentiation % gives the transport equation

0= %It(q)t(x)) = 0l (t, Dy(x)) + V., I(t, Pi(x)) 0:Pi(x)
=0 (t,x) + VI(t,x) - v(t, x)

Measure preserving flow:
pe(y) = po(®, () /det(2(®; ' (y))) —  po(x) = pe(Pe(x)) det V& ()

leferentlat|on 27 gives the continuity equation

0= jt (pt(CIDt(x))J(t a:)) J(t, x) := det V&,(z)),
0= 2 (P ®@i(2))) T(t,2) + pi(@(2)) T (1, )

= (8tpt((pt($)) + Vpi(Pi(z)) - 8tcbt(33)) J(t, x) + pe(Pe(x))J (T, x) divo (Py(x))

= 8tpt((bt(x) + th(q)t(x)) ' 'Ut((I)t(CU)) + pt(CIDt(a:)) div Ut(q)t(ﬂf))
= Oipt(Pe(x)) + div(prve) (Pe(x))
= Oypt + div(pivy)
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How to Learn a Velocity Field? remiscre l

Task: Learn/approximate v; by neural network v!!

|ldea 1: Loss function for learning:
0 2
LO) = Bonrio/1) amp | [0 (@) = vi0)] 7]
not accessible <.

ldea 2: Make it conditional, i.e. end in d,,, where w ~ [itarget = 41, Since up to a
constant

L(0) = Etmtd(0,7), weopy, weop (- | w) {HUE(ZE) — vy [w) ’ﬂ

All you need is conditional v;(-|w) =



http://www.mathematik.uni-kl.de/~steidl

Conditioned Velocity Fields from Couplings remiscre l

Linear Interpolation: Xg ~ ug, X1 ~ uy, Xy =

Xy =(1—-t)Xo+tX:, telo,1]
Xi o~ p i=eym, 7:= Pix, x, € H(po, p1), ez, y) :=(1—t)z + tw
(X¢| X1 =w) = (1 —t)Xg+ tw (conditional)

Theorem Let (X¢| X1 = w) ~ pi(-|w). Then (ui(-|w), ve(-|w)) fulfill continuity equation
with

w— x

1—t

vi(z|w) =

= of () — 4=

Loss function =)

|

L£(0) = Einra(0,1), wropy, wmopy - w) U

Trajectories of flow matching from independent and OT couplings, d = 2
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Relation between Conditioned Velocity Fields Te;hnisF@e'

This becomes interesting later:

Theorem (Averaging) The curve-velocity (u4, v4); with

e = Phmy = PL(ua(c|w) X ), pele) = / pr(|w) dps (w)

(@)= [ wilalw) 4Py, - (w),

satisfy the continuity equation.
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Exa m ple Technische '
Example:

X;=(1-t)Xo+tX1 €]0,1]
Po :N(Oajd)

Let Xy, X7 be independent. Then

2
_ z—tw]|”

_d
Px(x) = pe(x) :Ot/ e 20-9% dyj(w)  with  Cp:= (2m(1—1¢t)7) 2
Rd
1—1
ve(r) = —— Vlogp; -|——
! e~

score
and thus for p1; = 0,

_lz—tw|®
pXt|X1:w(x) — pt(xlw) — Cte 2(1_t)2

v (z|w) = . .(1—t)2+?: —
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Equivalence between Loss Functions Techn.-sche'

Proof (Equivalence of loss functions): We use

e = PhlpuCclw) X ), (o) = [ vilalw) dPyxa(w)

Then

of(@) — v(@)| ] = B[I0f12] — 28 (v, v)] +E[ ol
N——

const

£(0) = Evattto.)5 ||

Now we have for the first and second term

1
0 02
Eovutomyamn [100@I7] = [ [ 1001 du ot
0 JRA

- /I/Rd /]Rd [0 (@)]|? dPx,|x;=w(z) dPx, (w) dt

0 2
= Eunae(0.1), oy, (1) | 107 (@) 1]

Einat(o.1am | (0 (), 01(2)) | = /1 [ (), /]R wilwhw) 4Py, x,—a(w)) dPx, (x) dt

= [ [, (@), valw)) dPe (@ w) dt

0
— ]EtNU(O,T),wNul,:BNut(-|w) |:<Ut (ZB), ’Ut(CU|’lU)>:|
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|-3 Numerical Examples Technische

Inverse problems:

y=Az+n, n~N(0,0°I)

Deblurring Superresolution Inpainting

® sampling from the posterior p(x|y) knowing some data pairs (x;,¥y;);

® learning the regularizer in variational formulations

p(zly) < p(yl|z) p(x)
Vv
likelihood prior

knowing samples from the prior distribution and the forward operator A.

1. Deeplnverse: A Python package for solving imaging inverse problems with deep learning, Tachella et al. 2025
2. Learning regularization functionals for inverse problems: A comparative study Hertrich et al. 2025

3. A Stability Benchmark of Generative Regularizers for Inverse Problems Denker, Hertrich, Neumayer 2026
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|-3 Numerical RGSUltS Techniscf.lle

ff PnP-GS OT-ODE

D-Flow

W50

Denoising, Deblurring, Superresolution, Inpainting

1. Chemseddine, Hagemann, St., C. Wald, Conditional Wasserstein distances with applications in Bayesian OT flow matching, JMLR, 2026

2. Martin, Gagneux, Hagemann, St. PnP-Flow: Plug-and-play image restoration with flow matching,ICLR, 2025
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Diffusion Processes

Forward SDE computes (X¢):cjo,7] by

dX; = f(ta Xt) dt + g(t) th7 Xo ~ Pyata,
where W, is a standard Brownian motion.
Example 1. f(¢, X;) .= —18,X; and g(t) = /B eg.

Bt — Bmin + t(ﬁmax — Bmin), /Bmax = 20, Bmin = 0.1

with increasing "time schedule” 3; > 0. Then SDE becomes linear

d X,

1
_EBtXt dt + /B dWy,

—h(t) t
Xt:thQ—F\/]_—btzZ, btze 2 . h(t) Z:/ /38 dS, Z:XOONN(O,Id)
0

Approximation X; ~ Z.
Ornstein-Uhlenbeck process (simplest setting): for 5; = 2

dX, = — X, dt + V24w,

X, = Xoe "+ V1—e2Z, Z~ N(0,I)
Py = pO(et-) * N (0, (1 — e_2t)Id)

Technische
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Example 2: Fokker Planck Equation remiscre l

For the forward PDE
dXy = f(t, Xy)dt + g(t) dWy,  Xo ~ po,

the corresponding densities p; = px, fulfill the Fokker-Planck equation (CE)

o () =~V - (F(t, 2)mi(x)) + 59(0)* Apu(a)

- V. ( (f(t,z) — %g%t)Vlogpt(w)) pt(w))

N~
Ut

Example 2.1: Linear case

ft,2) = — B, 9(0) = VB = w(@) =~ B — Viogpu(a))

For B = 1/(1 —t), g(t)® = 2t/(1 — t) compare to FM with independent coupling starting in
Gaussian at slice 20:
x 1 —1

——V1 _
1+ . 0og pP1 t(i’?)

—vyy(z) = —
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Example 2: Fokker Planck Equation remiscre l

For the forward PDE
dX; = f(t, X¢) dt + g(t) dWi,  Xo ~ po,

the corresponding densities p; = px, fulfill the Fokker-Planck equation (CE)
1
Oupi(w) =~V - (F(t, 2)mi(@)) + 59(6) Api(2)

= -V - ( (f(t, x) — %g(t)2vx logpt(ac)) pt(az))

\ J
-~

vt

Example 2.2: Wasserstein gradient flow for minimizing F : Po(R%) — R

Choosing v € —O0F (ur) = —VIF () ("Riemannian” gradient of F wrt W5) leads to the
(CE)
Orpr =V - (pr VOF ()
¢* Fo(p) = KL(p,v) = [palogp(z)p(z) do — [palogq(z)p(x) dz, p = pA, v = gA
Then 1
0F(p:) =1+ logp: —logq, VIF(p:) = p—th — logq
t
so that
Otpr = Apr — V - (p+V log q)
which is the above Fokker-Planck equation for f(t,z) = V log q(x) and g(t) = /2.
Under certain condition (log-convace q) it is known that X ~ q.
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Example 2: Fokker Planck Equation remiscre l

For g(z) = C 1e Y@ we obtain the
Overdamped Langevin SDE:
X(0)=Xx"~p’
dX; = — VU (Xy) dt + /287 1dW;
N ——

V log q

Euler-Maruyama forward step with step size n:

Xy 1= X1 = VU (Xpo1) + V2870 &, & ~ N(0, 1)

Hint: Use substitution s = % B=IW, = Wy
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Reverse Diffusion Processes remiscre l

Reverse SDE becomes

dy; = (—f(1 YY) +g(1 —t)2v1ogpxl_t(y;)) dt+g(1—t)dW,, Yo~ Xr =~ Z.

D'
score

Approximation of score by a neural network s’
6 2
L£(0) = Einryy Eunry, |lI5] (@) = ¥ log px, ()]

0 2
= ]Etwﬁ[o,l],a:ONXO,xNPXHXO:wO [Ilst (z) — Vlog px,|xg=cq (%) |l ] + const

Example: (continued) dX; = —%BtXt dt + /3: dW;

: _h@)
Px, xg=zq = N(bt xo, (1 — b?) Id) with b, = e 2
This implies
r — bixg
Vlogpxt|xozx0($) =V T 20— bz) |z — bta?oH — —1_—1)%-
Plugging this into the loss function, we get
L£(0) =E 0 btxo
(0) = Etntgg 1m0~ X0~ P, g = [”St (2) + ” }

Disadvantage: explosion of score near the data
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Stochastic Processes

Let X, € L?(Q2, R% P) be continuously differentiable in every t € [0, 1]. Let

Mt = Xt,ﬁIP) = PXt’ and Vt — E[atXt|Xt = ]

Theorem. Under some assumptions (¢, v¢) fulfills the continuity equation

Example: Let Xy = (1 — t) Xy 4+ t X for independent random variables X, X, where
Xo ~ N(0, I). Then we get with E[X;| X;] = X, that

X X
vt(x):E[atXt|Xt:x]:E[Xl—X0|Xt::c]:IE{ L ‘thx}

1—t 1-—-1¢
1 T
L [Xl‘Xt — a;] _
1 -1 t—1
1 -1
TV » log pi(x) ‘|‘ "
since by Tweedie's formula (Miyasawa's)
1 —1t)? x
E[X1|X: = z] = %Vx log pi(x) + 7

Technische
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Tweedie’s Formula

Consider
y=x+mn,  n~N(,0I)

The observation density is related to the prior via Bayes' Theorem:

p(y) = /p(y\a:)p(:c) der = /g(y—a:)p(ac) dz, g(z):= 1 €—||z||2/(202).

(2w o2)d/2

For a given observation y, the minimum mean squared error (MMSE) estimator is given as

E [X‘Y = y] = /a:p(:n|y) der = /xp(yzta(t?)j)?(x) dx.

The MMSE can be computed using Tweedie's formula
E x|y =y| =y+o*Viogp(y),

which can be seen directly by computing with p(y, ) = p(y|z)p(x),
1 1
Vo) = — [ (@ =gty - 2)p(@) do = [ (@~ Wp(y2) da,

and then multiplying both sides by 0% /p(y) gives with p(y, z)/p(y) = p(z|y),

"QZ(y;’)(y) = [wptely) o= [ypialy) do= B[]y =y] -4

Technische
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